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Abstract: For the N = 4 superconformal coset theory described by SU(N+2)SU(N) (that con-
tains a Wolf space) with N = 3, the N = 2 WZW affine current algebra with constraints
is obtained. The 16 generators of the large N = 4 linear superconformal algebra are de-
scribed by those WZW affine currents explicitly. By factoring out four spin-12 currents and
the spin-1 current from these 16 generators, the remaining 11 generators (spin-2 current,
four spin-32 currents, and six spin-1 currents) corresponding to the large N = 4 nonlinear
superconformal algebra are obtained.
Based on the recent work by Gaberdiel and Gopakumar on the largeN = 4 holography,
the extra 16 currents, with spin contents (1, 32 ,
3
2 , 2), (
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described in terms of N = 2 multiplets, are obtained and realized by the WZW affine
currents. As a first step towards N = 4 W algebra (which is NOT known so far), the
operator product expansions (OPEs) between the above 11 currents and these extra 16
higher spin currents are found explicitly. It turns out that the composite fields with definite
U(1) charges, made of above (11 + 16) currents (which commute with the Wolf space
subgroup SU(N = 3) × SU(2) × U(1) currents), occur in the right hand sides of these
OPEs.
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1 Introduction
Gaberdiel and Gopakumar [1] have proposed that the large N = 4 higher spin theory on
AdS3 based on the higher spin algebra is dual to the ’t Hooft limit of the two dimensional
largeN = 4 superconformal coset theory. TheN = 4 higher spin algebra contains 8 fields of
spin s = 32 , 2,
5
2 , · · · and 7 fields of spin s = 1 and the exceptional superalgebra D(2, 1| µ1−µ)
is the largest finite dimensional subalgebra of this N = 4 higher spin algebra. The N = 4
coset theory is described by the coset SU(N+2)SU(N) with the level which is equal to the sum of
each level of two SU(2) affine algebras. The ’t Hooft coupling constant λ is identified with
the free parameter of the large N = 4 superconformal algebra (this additional parameter is
due to the fact that there exist two SU(2) affine algebras rather than one) and furthermore
this ’t Hooft parameter λ is equal to the above µ parameter which is related to the mass
of scalar field in the AdS3 bulk theory, according to this proposal [1]. See also previous
works on the minimal model holography [2–5].
More specifically, the large N = 4 linear superconformal algebra is generated by spin-2
stress tensor, four spin-32 supersymmetry generators, seven spin-1 currents (six of them are
the generators of two SU(2) affine algebras and one of them is U(1) current) and four spin-12
currents [6]. Although the wedge algebra of the large N = 4 linear superconformal algebra
is also D(2, 1| µ1−µ) together with a central generator, the large N = 4 linear superconformal
algebra is not a subalgebra of the extended algebra of higher spin currents because four
fermions of spin-12 do not occur in the above higher spin algebra. By factoring out the
spin-1 current and four spin-12 currents from the above large N = 4 linear superconformal






N = 4 linear superconformal algebra [7].1 The levels of two SU(2) affine algebras are
reduced by one and the central charge appearing in the Virasoro algebra is reduced by
three. Furthermore the central term in the operator product expansions (OPE) between
the spin-32 currents is also changed and the quadratic terms in the first-order poles of the
OPEs occur.
In [15], the N = 4 extension of Kazama-Suzuki model [16, 17] is described and the
N = 4 coset model has the form Wolf × SU(2) × U(1) where Wolf is a Wolf space (or
quaternion-Kahler symmetric space) [18–20].2 The fourteen currents of the large N = 4
linear superconformal algebra are expressed in terms of affine Kac-Moody currents (the
remaining two currents can be obtained from the N = 1 Sugawara construction) and the
relative tensorial structures appearing in these expressions satisfy the particular identities.
They also found the nonlinear algebra by factoring out the spin-1 and spin-12 currents that
live in the U(1) and the coset is given by Wolf×SU(2). The remaining three spin-12 currents
living in SU(2) can be decoupled further.
For the simplest case where the N = 4 coset is given by SU(2) × U(1) [22, 23] cor-
responding to the first entry of the table 1 in [15], using the above identities between the
tensorial structures, the 16 generators of the large N = 4 linear superconformal algebra are
written in terms of the affine Kac-Moody currents with constraints in N = 2 superspace.3
Furthermore, following the work of [15], by imposing on the above large N = 4 nonlinear
superconformal algebra in the N = 4 coset theory, the coset turns out to be a Wolf space
itself in [24].
In this paper, we would like to construct the 16 generators of the large N = 4 linear
superconformal algebra in the coset4
Wolf× SU(2)×U(1) = SU(N + 2)
SU(N)
(1.1)
(that is the third entry of the table 1 in [15]) theory with N = 3. By factoring out the
spin-1 current and four spin-12 currents, the 11 generators of the large N = 4 nonlinear
algebra in the Wolf space coset are obtained.5 One of the findings in [1] is that the lowest
1Sometimes this algebra is called by N = 4 quasi superconformal algebra because this is generated
quadratically (nonlinearly). On the other hand, the small (or regular) N = 4 superconformal algebra [8, 9]
can be obtained by taking one of the level as zero and the other level as an infinity in the large N = 4
linear superconformal algebra (therefore there exists only a single SU(2) affine algebra rather than two).
Also in [10], the large N = 4 linear superconformal algebra was studied. See also [11–14].
2The Wolf space appeared in N = 2 supergravity in four dimensions [21].
3Although we use the N = 2 description in this paper, due to the constraints for the N = 2 WZW affine
currents, effectively our description is the same as the N = 1 approach in [15].
4Of course, the bosonic coset can be obtained by introducing the extra SO(4N+4) (generated by (4N+4)
free fermions) at level 1 in the numerator of the coset as in [1, 25]. The number (4N + 4) is the dimension
of the coset SU(N+2)
SU(N)
. That is, (N + 2)2 − 1− (N2 − 1) = 4N + 4.
5Let us emphasize that one can combine the spin-1 current and one spin- 1
2
current and express them as
a single N = 1 super current which corresponds to the U(1) factor in the left hand side of (1.1). However,
the remaining three spin- 1
2
currents are part of the N = 1 superconformal affine SU(2) algebra. In other
words, the superpartners of these three spin- 1
2
currents, i.e. three spin-1 currents do not play an important
role in the denominator subgroup. When one divides SU(2) × U(1) factor both sides of (1.1), then one
obtains Wolf = SU(N+2)
SU(N)×SU(2)×U(1) where the SU(2) factor in the denominator refers to only the above three
spin- 1
2






nontrivial multiplet of the higher spin algebra has one spin-1 current, four spin-32 currents,
six spin-2 currents, four spin-52 currents and one spin-3 current and let us denote them by




































We construct these 16 currents (1.2) in terms of N = 2 affine Kac-Moody currents in
the above Wolf space coset theory explicitly. Furthermore, we calculate the various OPEs
between the 11 generators of the large N = 4 nonlinear superconformal algebra and the 16
higher spin currents.6
By construction, the 16 higher spin currents (anti)commute with the eight spin-12
currents (and its superpartner eight spin-1 currents) living in the effective N = 1 subgroup
SU(N = 3) of the Wolf space coset, the three spin-12 currents living in the bosonic subgroup
SU(2) of the Wolf space coset and the remaining spin-12 current and its superpartner spin-
1 current living in the effective N = 1 subgroup U(1) of the Wolf space coset. The 16
currents are primary under the stress energy tensor of N = 4 nonlinear superconformal
algebra.
In the OPEs between the four spin-32 currents and 16 higher spin currents, the right
hand sides of these OPEs have special features. If one describes (1.2) as four rows for 4×4
matrix, then one writes the OPEs between the above four spin-32 currents and this 4 × 4
matrix which has 16 components. Let us concentrate on the linear terms on the higher
spin current appearing in the right hand side of OPEs (There are also linear or nonlinear
terms containing 11 currents of large N = 4 nonlinear superconformal algebra in the full
expressions). It turns out that there are no higher spin currents, at the linear level, in the
second row, third column, second column and third row in the above each 4 × 4 matrix,
respectively. These vanishings of the rows and columns are quite related to the locations of
four spin-32 currents in the N = 2 superspace multiplets. One can describe the 16 currents
of large N = 4 linear superconformal algebra as 4 × 4 matrix also as done for 16 higher
spin currents: (1, 32 ,
3
2 , 2), (
1










2 , 1). The first, second, third
and fourth spin-32 currents are (1, 2), (1, 3), (2, 4) and (3, 4) elements of 4 × 4 matrix and
play the role of vanishing second column, third column, second row and third row above
respectively.7
In section 2, the 16 currents of N = 4 linear superconformal algebra are obtained in
the coset model (1.1).
In section 3, the 11 currents of N = 4 nonlinear superconformal algebra are determined
in the Wolf space coset (1.1).
6The N = 4 W3 algebra in different context was considered in [26, 27]. One example of W algebra with
Wolf space was found in [28]. Recently, the higher spin theory with extended supersymmetries where the
two dimensional coset theory contains Wolf space was studied in [29].
7That is, when the particular spin- 3
2
current acts on the 16 higher spin currents described by 4 × 4
matrix, one does not see any higher spin currents in the given row or column containing that spin- 3
2
current
in 4×4 matrix. For example, for the first case where the spin- 3
2
current is an (2, 4) element of 4×4 matrix,
the second multiplet of (1.2) appears in the first- and fourth-rows in the right hand side of OPEs and both
first- and fourth-multiplets of (1.2) appear in the third row in the right hand side of OPEs:(6.1). One sees






In section 4, the extra 16 currents in (1.2) are obtained in the Wolf space coset (1.1).8
In section 5, the OPEs between the 11 currents in section 3 and 16 currents in section 4
are obtained.
In section 6, we summarize what has been done in this paper.
In appendices A–C, some details which are necessary in sections 2–5 are presented.
They contain the complete higher spin algebra.
The mathematica package by Thielemans [30] is used all the times.
2 The large N = 4 (linear) superconformal algebra in the coset minimal
model
Before we construct the large N = 4 nonlinear superconformal algebra using the N = 2
WZW affine currents, we would like to describe its linear version first. After that, in next
section, the large N = 4 nonlinear superconformal algebra will be constructed explicitly.
2.1 N = 2 WZW affine current algebra
Let us consider the particular N = 4 superconformal coset theory described in [1, 15] which
can be described as9
Wolf× SU(2)×U(1) = SU(N + 2)
SU(N)
, where Wolf =
SU(N + 2)
SU(N)× SU(2)×U(1) . (2.1)
The central charge of this coset model [16] is given by

















The level of the currents in the numerator and denominator of the coset model (2.1) is
(k+N +2) respectively. Note that the general expression of the central charge of the large
N = 4 linear superconformal algebra c = 6k+k−
(k++k−) where k
+ = (k + 1) and k− = (N + 1)
are the levels of two SU(2) affine algebras. We will see that the central charge (2.2) occurs
in the OPE between the spin-2 currents (and the OPE between the spin-32 currents) in the
large N = 4 linear superconformal algebra.
Furthermore, the central charge of the Wolf space (for the time being we assume the
contributions from the superpartners of three spin-12 fermions described in the footnote 5)
8When we say “the higher spin currents” in this paper, they are given by these 16 currents (1.2). Some
of the spins are less than 2. In other words, they consist of all the extra currents besides the large N = 4
nonlinear algebra currents.
9Usually the U(1) factor in (2.1) in the denominator of Wolf space is missing for other types of Wolf
space. The details for using this U(1) factor to other types are given in [31]. Furthermore, one can see the






can be obtained as follows:
cWolf = cSU(N+2) − cSU(N) − cSU(2) − cU(1)
=
6(k + 1)(N + 1)












(2 + k +N)
, (2.3)
where the above level (k+N+2) appearing in the coset (2.1) is taken in the SU(2) factor in
the denominator in (2.1). In the second line of (2.3), the result of (2.2) is used. Compared
to the central charge in the large N = 4 linear superconformal algebra, this central charge
will appear in the OPE between the two spin-32 currents in the large N = 4 nonlinear
superconformal algebra in next section. For the other central term appearing in the stress
tensor, the contribution from the central charge cSU(2) in (2.3) will be −32 .10
We would like to construct the large N = 4 linear superconformal algebra for the coset
theory (2.1). For the N = 2 currents where the N = 2 superspace coordinate Z = (z, θ, θ¯)
is given by the bosonic coordinate z and two Grassman coordinates θ and θ¯, the component
currents are given by11
















where two complex spinor covariant derivatives D and D satisfy the algebra DD +DD =
−∂z. The SU(N + 2) indices are decomposed into the SU(N + 1) indices and others: the
former is denoted by m, m¯ and the latter is denoted by a, a¯. We will come to this issue of
the indices soon.
10As described in [1], the Wolf space can be generalized to the following coset model
SU(N +M)
SU(N)× SU(M)×U(1) , (2.4)
which appears in the standard N = 2 Kazama-Suzuki model [16, 17]. Then the central charge of this
coset (2.4) can be obtained from




























where the level in each factor of the coset is given by (k+N +M). Of course, this will become the previous
central charge (2.3) for M = 2.




















2(k +N + 2)
f pmn¯ (K
n¯K p¯)|θ=θ¯=0(z),
DJ a¯|θ=θ¯=0(z) = −
1




Then the θ- and θθ¯-components of Km(Z) and Ja(Z) in (2.6) are not independent and
they can be written in terms of the θ, θ¯-independent term and θ¯-components according
to (2.8) and (2.7). Similarly, the θ¯- and θθ¯-components of Km¯(Z) and J a¯(Z) in (2.6) can
be written in terms of the θ, θ¯-independent term and θ-components.13 The on-shell current
algebra in N = 2 superspace for the supersymmetric WZW model on a group SU(N + 2)
of even dimension can be written in terms of components of spin s = 12 , 1 [35].
For N = 3, the 24 adjoint indices of SU(5) are divided into 12 unbarred indices and
12 barred indices. Then the 8 adjoint indices of the subgroup SU(3) are given by 4, 5, 6
and some combination between the index 7 and the index 8 (and their barred indices).14
Then the remaining indices, 1, 2, 3, 9, 10, 11, 12 and some combination between the index 7
and the index 8 (and their barred indices) live in the coset SU(5)SU(3) . We follow the convention
of [35]. However, some currents (Km or Km¯) living in the subgroup SU(4) of [35] live in
the coset SU(5)SU(3) . In other words, one classifies the 24 basic N = 2 WZW affine currents as
12Then it is easy to obtain the following relations, which can be obtained from (2.9) of [35] by putting








































m¯ − J b¯DKm¯)|θ=θ¯=0(z). (2.7)
13As one computes the OPEs in the component approach in the whole paper, for simplicity, one ig-
nores the notation |θ=θ¯=0 acting on the N = 2 superfields from now on [36]. That is, DKm¯|θ=θ¯=0(z) ≡
DKm¯(z), DKm|θ=θ¯=0(z) ≡ DKm(z), DJ a¯|θ=θ¯=0(z) ≡ DJ a¯(z), and DJa|θ=θ¯=0(z) ≡ DJa(z).
14The convention of [1] for the subgroup SU(3), around (3.1) of [1], is different from ours because the
first 3 × 3 block of 5 × 5 corresponds to the their subgroup SU(3) (the unbarred indices 1, 2, 4 and some
combination between the index 7 and index 8 and their barred ones will describe their SU(3)) while the
middle 3× 3 block of 5× 5 corresponds to our subgroup SU(3). Moreover, the adjoint representation 24 of
SU(5) breaks into 24 → (8,1) ⊕ (1,3) ⊕ (1,1) ⊕ (3,2) ⊕ (3¯,2) under the SU(3) × SU(2). The first three
representations are given by the currents with the indices 4, 5, 6, 7, 8 and 9 (and conjugated ones). The
last two representations are given by the currents with indices 1, 2, 3 and 10, 11, 12 (and conjugated ones).








Km = (K1, K2, K3; K4, K5, K6, K7, K8) : coset and subgroup currents,
Km¯ = (K 1¯, K 2¯, K 3¯; K 4¯, K 5¯, K 6¯, K 7¯, K 8¯) : coset and subgroup currents,
Ja = (J9, J10, J11, J12) : coset currents,
J a¯ = (J 9¯, J 1¯0, J 1¯1, J 1¯2) : coset currents. (2.9)
Of course, one can write down the currents having the indices 1, 2, 3 (and their barred
indices) J1, J2 and J3 (and their barred currents) respectively but one cannot split the
currents having the indices 7 and 8 in terms of coset and subgroup currents at the moment.
For the Wolf×SU(2)×U(1) = SU(2)×U(1) WZW model with k+ = k+1 and k− = 1,
as described in the introduction, the 16 generators of the large N = 4 linear superconformal
algebra are expressed in terms of N = 2 super stress energy tensor of super spin-1, two
super spin-12 currents and a super spin-0 current [22]. In other words, the total 16 currents





































Note that the spin-1 current appears as a derivative of spin-0 field which is the first com-
ponent field of the last N = 2 super current of (2.10). See also relevant work [37] where
the SU(2)×U(1) group appears in the subgroup of the coset model.
2.2 Large N = 4 linear superconformal algebra realization
We would like to construct the 16 generators in terms of the numerator SU(5) currents in
the coset (2.1) explicitly.
2.2.1 Construction of two spin-32 currents
Let us consider the spin-32 current which is the last component field of the second N = 2 su-
per current in (2.10). Among the coset indices of 1, 2, 3, 9, 10, 11, 12 and some combination
of the index 7 and the index 8, it is natural to consider the index 9 corresponding to the
above spin-32 current by taking the appropriate derivative or spinor covariant derivatives.















15We denote the four spin- 3
2
currents G11(z), G12(z), G21(z) and G22(z) here, along the line of [38], for
the G+K(z), G+(z), G−(z) and G−K(z) in [39]. That is, the vector (or fundamental) representation of
SO(4) is written in terms of two SU(2)’s fundamentals. The three spin-1 currents A+i(z) where i = 1, 2, 3
in [39] correspond to A1(z), A2(z) and A3(z) here. The three spin-1 currents A
−i(z) of spin-1 over there
correspond to B1(z), B2(z) and B3(z) here. The four spin-
1
2
currents Γ+K(z), Γ+(z), Γ−(z) and Γ−K(z)
over there correspond to F11(z), F12(z), F21(z) and F22(z) with two SU(2)’s. We use the same notations






With the second term of (2.11), the G11(z) transforms as a primary field under the stress
energy tensor TSU(5).
16 The coefficient (k−3)(5+k) can be written as
(k+−k−)
(k++k−) with k
+ = k + 1
and k− = N + 1 = 417
Similarly, one can construct the following primary field of spin-32 , corresponding to

















2.2.2 Construction of three spin-1 currents
What about the spin-1 currents which are the superpartner of the above spin-32 currents
G11 and G22? One expects that two linear combinations between DJ
9 and DJ 9¯ provide
the two spin-1 currents. Note that there are no singular terms in the OPEs DJ 9¯(z)DJ 9¯(w)















one calculates the following OPEs
Ai(z)Ai(w) =
1
(z − w)2 (−1)
1
2
(k + 1) + · · · , i = 1, 2, (2.14)
where the second order pole can be written as −12k+ because of k+ = (k + 1).
Let us calculate the third spin-1 current by calculating the OPEA1(z)A2(w) with (2.13).
It turns out that
A1(z)A2(w) =
1
(z − w)A3(w) + · · · , (2.15)
where the spin-1 current is given by




JaJ a¯(w) + other quadratic and linear terms. (2.16)
16Among N = 2 WZW affine currents, the primary currents under the spin-2 stress tensor (TSU(5) −
TSU(3))(z) are given by J
9(w) and J 9¯(w). Here TSU(5) can be obtained from the last component of




JaJ a¯ +KmKm¯ − (f a¯m¯a¯ + f n¯m¯n¯ )DKm¯ − (f a¯ma¯ + f n¯mn¯ )DKm
)
(Z) [35]








+ other quartic, cubic,









other quartic, cubic, quadratic and linear terms. The indices for the fields in TSU(3)(z) are given by 4, 5, 6
and 7 and 8 (and their conjugated ones).



















K8DJ9 −DK8J9) (z) + 4i√2
(5+k)
∂J9(z).
18Furthermore, the constraint (2.7) implies that the current (2.12) can be written in terms





































(z − w)2 (−1)
1
2
(k + 1)δij +
1
(z − w)ǫijkAk(w) + · · · , ǫ123 = 1. (2.17)
Therefore, the OPEs (2.14), (2.15), and (2.17) provide the SU(2)k+ current algebra of
N = 4 large superconformal algebra. That is, the OPEs (2.17) coincide with the OPE
A+i(z)A+j(w) appearing in (C.3) of [39].
2.2.3 Construction of four spin-12 currents and other two spin-
3
2 currents
How does one determine the four spin-12 currents appearing in (2.10)? Let us compute the










G21(w) + · · · , (2.18)































+ other cubic and quadratic terms. (2.21)
The OPE (2.18) corresponds to the OPE A+i(z)Ga(w) in (C.3) of [39].
19
Let us consider the OPE A1(z)G22(w). It turns out, from (2.13) and (2.12) together
with (2.19), that








G12(w) + · · · , (2.22)






















+ other cubic, quadratic and linear terms. (2.24)
Again, this OPE (2.22) corresponds to the OPE A+i(z)Ga(w) in (C.3) of [39].
19More explicitly, their quantity α+iba appearing in the right hand side of this OPE, in this particular





+K,+ which is equal to 2 × i4 = i2 . Here the index a stands
for +K, the index b can be +,−,+K, or −K and the index i stands for 1. Their nonzero δab are given by
δ+− = δ−+ = δ+K,−K = δ−K,+K = 12 (not 1). Similarly, δ
+− = δ−+ = δ+K,−K = δ−K,+K = 2 (not 1). The
quantity α+iab are antisymmetric under a ↔ b. The 12 nonzero independent quantity α±iab can be obtained
from the table 3 of [39].












How does one determine the remaining spin-12 currents? Let us consider the following










G11(w) + · · · , (2.25)





Furthermore, the following OPE, which can be obtained from (2.16) and (2.12), provides
other spin-12 current








G22(w) + · · · , (2.27)
where22 the spin-12 current is
F22(w) = − i√
2
J 9¯(w). (2.28)
The nontrivial OPEs from (2.20), (2.23), (2.26) and (2.28) are





6γ(1− γ) + · · · ,





6γ(1− γ) + · · · . (2.29)
2.2.4 Construction of other three spin-1 currents
Let us continue to determine the remaining spin-1 currents. From the OPEs F11(z)G21(w)
and F12(z)G22(w), one obtains
F11(z)G21(w) =
1
(z − w) (−iB1 −B2) (w) + · · · ,
F12(z)G22(w) =
1
(z − w) (−iB1 +B2) (w) + · · · , (2.30)












KmJa(w) + other quadratic terms. (2.31)
21In this case, the quantity α+iba becomes α
+3
+K,−K = − i4 which agrees with the result of [39].










. Similarly one uses α−1+,−K =
i
4
and α−2+,−K = − 14 .






Now one obtains the third spin-1 current from (2.31) as follows:
B1(z)B2(w) =
1
(z − w) B3(w) + · · · , (2.32)
where the spin-1 current can be read off




JaJ a¯(w) + other quadratic terms. (2.33)
One obtains the following OPEs from (2.31) and (2.33)
Bi(z)Bj(w) = − 1
(z − w)2 2δij +
1
(z − w) ǫijkBk(w) + · · · . (2.34)
Therefore, the OPEs (2.32) and (2.34) provide the SU(2)k− current algebra with k
− = 4
of large N = 4 linear superconformal algebra. That is, the OPEs (2.34) coincide with the
OPE A−i(z)A−j(w) appearing in (C.3) of [39].
2.2.5 Construction of other spin-1 current
Finally, the undetermined spin-1 current can be obtained from the OPE F11(z)G22(w)
F11(z)G22(w) =
1
(z − w) (−iA3 − iB3 + U) (w) + · · · , (2.35)
where24 the first-order pole with previous expressions for A3(w) and B3(w) in (2.16)


























From (2.36), the following OPE can be obtained
U(z)U(w) = − 1
(z − w)2
c
12γ(1− γ) + · · · . (2.37)
Note that one can reexpress the spin-1 currents using the superpartner of F12(z) and F21(z),














2.2.6 Construction of spin-2 current
One obtains the stress tensor as a difference between the stress tensor of the group SU(5)
and the stress tensor of the subgroup SU(3):
T (z) = TSU(5)(z)− TSU(3)(z). (2.39)
Then one can obtain the following OPEs









(z−w) ∂T (w)SU(5)+· · · ,









(z−w) ∂T (w)SU(3)+· · · ,










+· · · , (2.40)











Then the standard OPE between the stress tensor T (z), that can be obtained from (2.40),
has the following form







(z − w)2 2T (w) +
1
(z − w) ∂T (w) + · · · , (2.42)
where the central charge is given in (2.41).
One can easily check that there are no singular terms in the OPEs between the gener-
ators of the large N = 4 linear superconformal algebra and the subgroup stress tensor as
follows:25
TSU(3)(z) Φ(w) = + · · · , (2.43)
where Φ(w) is 16 currents of large N = 4 linear superconformal algebra. There are no
singular terms in the OPEs between the generators of the largeN = 4 linear superconformal
algebra and the two subgroup spin-32 currents, G
SU(3)




25Instead, there exist the singular terms in the OPEs between 16 currents of large N = 4 linear algebra
and N = 2 WZW affine currents (having the indices 4, 5, 6 and some linear combination of the index 7
and the index 8 and their conjugated ones) living in the subgroup SU(3). In next section, by factoring out
spin-1 current and four spin- 1
2
currents and modifying the remaining 11 currents correctly, the 11 currents
of the large N = 4 nonlinear superconformal algebra commute with the SU(3) WZW affine currents. See
also the footnote 53.
26That is, G
SU(3)










































Udz, −2F21, F12, −i(A3 −B3)
)
. (2.44)
In the first N = 2 multiplet of (2.44), the OPE between G21(z) and G12(w) provides N = 2
U(1) current of spin-1 and the stress tensor. For given lowest component of second N = 2
multiplet in (2.44), the third component can be read off from the OPE between G12(z)
and F11(w). Similarly, the second component can be obtained from the OPE between
G21(z) and F11(w). The last component can be obtained from the OPE between G12(z)
and i(B1 − iB2)(w).27 For given lowest component of third N = 2 multiplet in (2.44), the
third component can be read off from the OPE between G12(z) and F22(w). Similarly, the
second component can be obtained from the OPE between G21(z) and F22(w). The last
component can be obtained from the OPE between G12(z) and i(A1 − iA2)(w).28
Therefore, the large N = 4 linear superconformal algebra is realized by the spin-
2 current, (2.39), the four spin-32 currents, (2.11), (2.12), (2.21) and (2.24), the spin-1
currents, (2.13), (2.16), (2.31), (2.33) and (2.36), the spin-12 currents, (2.20), (2.23), (2.26)
and (2.28). Some of the algebra consist of (2.14), (2.15), (2.17), (2.18), (2.22), (2.25), (2.27),
(2.29), (2.30), (2.32), (2.34), (2.35), (2.37) and (2.42). The remaining OPEs can be obtained
similarly.29
3 The large N = 4 nonlinear superconformal algebra in the Wolf space
coset minimal model
The large N = 4 nonlinear algebra can be obtained from the linear one described in
previous section by factoring out the four fermions and a spin-1 bosonic current.30
27In other words, one has the following OPEs: G21(z)F11(w) = − 1(z−w) i (B1 − iB2) (w) + · · · ,








(w) + · · · .
28Similarly one has G21(z)F22(w) = − 1(z−w) i (A1 − iA2) (w) + · · · , G12(z)F22(w) =
1








(w) + · · · .
29There exists the middle N = 4 linear superconformal algebra where SU(2) × U(1)4 affine algebra is
present in [40].
30The main reason why we should decouple these five currents is that they do not appear in the
D(2, 1| µ
1−µ ) wedge subalgebra and therefore also in the higher spin theory of [1]. In the CFT compu-
tations characterized by any OPEs obtained in this paper, because the number of independent currents
is reduced from 16 to 11, there are no computational complications in the calculations of the OPE. In
particular, we do not have to consider any spin- 1
2
currents in the composite fields of any spin appearing in






3.1 Construction of spin-2 stress tensor
The additional terms in the stress energy tensor of spin-2 consist of the quadratic term
of spin-1 current and the 16 quadratic terms of spin-12 currents with derivative. Then
the total 19 unknown coefficient functions can be determined from the following regular
conditions between the U(z), F11(z), F12(z), F21(z) and F22(z) and the stress energy tensor
Tˆ = T + Tmod [7, 41, 42]:
U(z) Tˆ (w) = + · · · , Fa(z) Tˆ (w) = + · · · , a = 11, 12, 21, 22. (3.1)
For N = 3, the stress energy tensor of the large N = 4 nonlinear algebra can be written
as [7, 41, 42]






(∂F11F22 + ∂F12F21 + ∂F21F12 + ∂F22F11) (z)
= TSU(5)(z)− TSU(3)(z) +
1
(5 + k)
(UU + ∂F aFa) (z). (3.2)
The general N case can be obtained by putting (5+k)→ (k+N +2) and T → TSU(N+2)−
TSU(N) in (3.2) similarly. One can read off the corresponding central charge appearing
in the Virasoro algebra by calculating the OPE Tˆ (z) Tˆ (w).31 Therefore, the total central
charge is given by
cˆ =
6(k + 1)(N + 1)
(k +N + 2)
− 2− 4 + 1 + 2 = 3(k +N + 2kN)
(k +N + 2)
→ 3(3 + 7k)
(5 + k)
, (3.3)
where the N = 3 is substituted in the last stage.
3.2 Construction of six spin-1 currents
Let us determine the other currents. For the spin-1 current, one can add 6 additional
terms coming from four fermions, F11(z), F12(z), F21(z) and F22(z). The relative coefficient
functions, as done in (3.1), can be determined by the regular conditions [7, 41, 42]
U(z) Aˆ1(w) = + · · · , Fa(z) Aˆ1(w) = + · · · , a = 11, 12, 21, 22. (3.4)
It turns out that the spin-1 current is given by















One can further simplify (3.5) using the fact that F11F12(z) = −F12F11(z) and F21F22(z) =
−F22F21(z).
31The OPE between UU(z) term and itself contributes to 1 for the central charge while the OPEs between
the fermions and itself contribute to 2. The OPE between T (z) and the UU(w) (and the OPE between
UU(z) and T (w)) contributes −2 and similarly the contributions from the T (z) and fermion terms give to
−4. This can be seen from the (2.3) by realizing that the central term coming from the three fermions in




while the one from the spin-1 and spin- 1
2
fields in U(1) is given by 3
2
. Therefore,






Similarly, the other currents of spin-1 can be obtained as follows:
Aˆi(z) = Ai(z)− 1
(5 + k)
α+iab F
aF b, i = 2, 3, a, b = 11, 12, 21, 22. (3.6)
It is straightforward to calculate the following OPEs from (3.5) and (3.6)






(z − w) ǫijk Aˆk(w) + · · · , δˆii = 1, (3.7)
where the new level is given by kˆ+ = k+ − 1 = k. The three quadratic terms appearing
in (3.5) and (3.6) satisfy the SU(2)1 current algebra of (3.18) in [1]. It is obvious that
the OPEs between these three currents and Aˆ1(z), Aˆ2(z) and Aˆ3(z) (that correspond
to Jˆ(z) around the equation (3.18) in [1]) do not have the singular terms due to the
conditions [7, 41, 42] like as (3.4):
U(z) Aˆi(w) = + · · · , Fa(z) Aˆi(w) = + · · · , i = 2, 3, a = 11, 12, 21, 22.(3.8)
Similarly, the currents A1(z), A2(z) and A3(z) correspond to J(z) appearing around the
equation (3.18) of [1].32 Compared to (2.13) and (2.16), the currents Aˆ1(z) and Aˆ2(z)
contain the quadratic parts in the fermions while the quadratic parts in the fermions with
the indices 7 and 8 appearing in A3(z) disappear in the current Aˆ3(z).
33
32More explicitly, by substituting (2.13), (2.16), (2.26), (2.23), (2.20) and (2.28) into the equations (3.5)










































































































































33As observed in (2.13) and (2.16), the currents A1(z), A2(z) and A3(z) contain the linear spin-1 currents
(not quadratic fermions). Then one knows its superpartners, J9(z), J 9¯(z) and a linear combination between
K7(z),K8(z),K 7¯(z) and K 8¯(z). These are the three fermions in su(2)
(1)
κ of [1]. Note that from (2.31)
and (2.33) there are no linear spin-1 currents. All of the expressions are written in terms of quadratic
fermions. Note that Aˆ1(z) and Aˆ2(z) contain the Wolf space subgroup indices in their expressions while
the Aˆ3(z) contains both Wolf space subgroup indices and Wolf space coset indices. Therefore, the SU(2)k
algebra of large N = 4 nonlinear algebra comes from two currents from the Wolf space subgroup and one
current from both the subgroup and the coset of Wolf space. Note that the SU(2)k+1 algebra of large N = 4
linear algebra comes from three currents from the coset SU(5)
SU(3)







Let us move on the other type of spin-1 currents. As done before, the spin-1 currents,
B1(z), B2(z) and B3(z)(that correspond to K(z) appearing around the equation (3.18)
of [1]) can be modified under the factoring out the fermions and spin-1 current. One
obtains [7, 41, 42]
Bˆi(z) = Bi(z)− 1
(5 + k)
α−iab F
aF b, i = 1, 2, 3, a, b = 11, 12, 21, 22. (3.10)
Their current algebra can be summarized by






(z − w) ǫijk Bˆk(w) + · · · , (3.11)
where the new level kˆ− = k−−1 = N = 3. Three of four in K˜αβ(z) defined in the equation
(3.14) [1] correspond to the present Bˆ1(z), Bˆ2(z) and Bˆ3(z). The three quadratic terms
appearing in (3.10) satisfy the other SU(2)1 current algebra of (3.18) in [1] and therefore
the OPEs between these three currents and the three currents appearing in (3.5) and (3.6)
(satisfying other SU(2)1 current algebra) do not have the singular terms.
34 Compared
to (2.31) and (2.33), the quadratic parts having the indices 7, 8 or 9 disappear in (3.12).35
3.3 Construction of four spin-32 currents
One can construct four spin-32 currents [7, 41, 42]










F b (α+iba Aˆi − α−iba Bˆi), i = 1, 2, 3, a, b, · · · = 11, 12, 21, 22.(3.13)
The expressions in (3.21) of [1] correspond to the extra fields in (3.13). The relative
coefficient functions in (3.13) are determined completely by requiring that they should
commute with U(1) current and four fermions of spin-12 .
36























































35Note that all the currents Bˆ1(z), Bˆ2(z) and Bˆ3(z) contain the Wolf space coset indices only. Therefore
the SU(2)3 algebra of large N = 4 nonlinear superconformal algebra comes from the currents in the Wolf
space coset. This is consistent with the result for the structure of JM− in (3.18) of [24]. Recall that the
SU(2)4 algebra of large N = 4 linear superconformal algebra comes from the currents in the coset SU(5)SU(3) .
This is consistent with the equation (3.7) of [15]. The spin-1 currents in (3.12) satisfy the following regular
conditions, as in (3.8), as follows: U(z) Bˆi(w) = + · · · and Fa(z) Bˆi(w) = + · · · .






By substituting the expressions (2.26), (2.23), (2.20), (2.28), (2.36), (2.11), (2.24),
(2.21), (2.12), (3.9) and (3.10) into the equations (3.13), the following results can be ob-
tained








+ other cubic and linear terms, (3.14)







Km¯DJ a¯ −DKm¯J a¯) (z)
















+ other cubic and quadratic terms. (3.17)
The quadratic parts having the indices 7, 8, or 9 in G11(z) disappear in Gˆ11(z) and similarly,
those having the indices 7¯, 8¯, or 9¯ inG22(z) disappear in Gˆ22(z). Furthermore, the quadratic
parts having the indices 7, 8, or 9 (and 7¯, 8¯ or 9¯) in G12(z) disappear in Gˆ12(z). The cubic
terms containing the indices 9, 9¯ in G12(z) disappear. Similarly, the quadratic parts having
the indices 7, 8, or 9 (and 7¯, 8¯ or 9¯) in G21(z) disappear in Gˆ21(z). The cubic terms
containing the indices 9, 9¯ in G21(z) disappear in Gˆ21(z).
37
The full algebra can be obtained from the OPEs between 11 currents. For example,




































+ · · · , (3.18)
37For the Gˆ11(z) and Gˆ22(z), the terms having the indices 7¯ and 8¯ can be rewritten using F12(z) (2.23)
and the terms having the indices 7 and 8 can be expressed using the F21(z) (2.20). The F12(z) and F21(z)
are currents of SU(2) and U(1) factors in the denominator of the Wolf space coset (2.1). See also the
footnote 42. However, for Gˆ12(z) and Gˆ21(z), it is not obvious to see whether the terms including the
indices 7, 8, 7¯ and 8¯ can be rewritten in terms of the currents with indices of the subgroup of the Wolf
space coset. Because the currents K7(z),K 7¯(z),K8(z) and K 8¯(z) can be expressed in terms of two SU(3)
currents, one SU(2) current and one U(1) current, one realizes that any spin- 1
2
fermion terms including the
indices 7, 8, 7¯ and 8¯ have the subgroup SU(3), SU(2) or U(1) indices in the Wolf space coset. See also the
footnote 53. All the spin- 3
2






where the central charge in the highest pole of this OPE (3.18) is cWolf =
18k
(5+k) which
coincides with (2.3) for N = 3. One can easily check that the central terms from the extra
three OPEs coming from the left hand side of (3.18) except G12(z)G21(w) can be written as
−6(4+k)(5+k) which is exactly the same as the contributions from SU(2) and U(1) in (2.3). The
parameters γA and γB are given by γA =
kˆ−
kˆ++kˆ−+2




The stress tensor Tˆ (z) is given by (3.2). Compared to the OPE G12(z)G21(w) described in
previous section, the nonlinear terms occur in the first-order pole in (3.18).38 This is due
to the fact that the OPEs between the extra terms in (3.13) contribute to these nonlinear
terms in the right hand side of (3.18).
3.4 U(1) charge
As in U(1) current of (2.44), one can describe the U(1) current here. By realizing that the





(z) from the OPE (3.18). Then one obtains the

















































































(z) Tˆ (w)| 1
(z−w)
= 0. (3.19)
For the nonzero U(1) charges, we present the correspoding two expressions together in
order to emphasize the fact that they have opposite U(1) charges.39 We present the U(1)
charges for those currents in the table 1. This definite U(1) charges will play an important
role in any OPEs in this paper because the U(1) charge conservation holds for any OPEs.
For example, in the OPE between the spin-32 current and the spin-3 current (the most
complicated OPE in this paper), the first-order pole contains the spin-72 field. Without
the U(1) charge conservation, in general, the possible spin-72 field has too many terms.
38Using the following values α+3+,− = − i4 , α+2+,+K = − 14 and α+2−,−K = − 14 (therefore, we present all the
12 independent quantities with previous footnotes), this particular OPE coincides with (A.7) of [42]. Note








39If one takes the notations for the spin- 3
2
currents in [1] using (++,+−,−+,−−), then one can ex-






U(1) charge 11 currents of large N = 4 nonlinear superconformal algebra
2k






(5+k) Aˆ−(≡ Aˆ1 − iAˆ2)
0 Aˆ3, Bˆ3, Tˆ
− 6(5+k) Aˆ+(≡ Aˆ1 + iAˆ2)
− (−3+k)(5+k) Gˆ22
− (3+k)(5+k) Gˆ12
− 2k(5+k) Bˆ+(≡ Bˆ1 + iBˆ2)
Table 1. The U(1) charges for the 11 currents from (3.19). The U(1) charge conservation can be
seen from the equations in appendix (A.3), (A.5), (A.7) and (A.9). The first four currents with
positive (k > 3) U(1) charges have their conjugated currents with each opposite (negative) U(1)
charge.
However, the U(1) charge assignment will choose the right candidate for the above spin-72
field by removing the unwanted terms which do not have the correct U(1) charge.40
Therefore, the large N = 4 nonlinear algebra is generated by (3.2), (3.5), (3.6), (3.10)
and (3.13) and some of the algebra are given in (3.7), (3.11) and (3.18). The complete
algebra is summarized in appendix A.41
4 Higher spin currents in the Wolf space coset minimal model
According to the observation of [1], the 16 lowest extra currents, appearing in the equation
(2.33) of [1], consist of single spin-1, four spin-32 , six spin-2, four spin-
5
2 , and single spin-
3 currents. Rearranging them in terms of N = 2 multiplets [47], one has four N = 2
40One finds the U(1) charges for the WZW affine currents. The fields having U(1) charge k
(5+k)
are given
by Km(z) and Ja(z) where m = 1, · · · , 3 and a = 10, · · · , 12. The fields with U(1) charge − k
(5+k)
are their
conjugated ones Km¯(z) and J a¯(z) where m¯ = 1¯, · · · , 3¯ and a¯ = 1¯0, · · · , 1¯2. The fields with vanishing U(1)
charge are given by Km(z), DKm(z) and J9(z) where m = 4, · · · , 8 (and their conjugated ones Km¯(z),
DKm¯(z) and J 9¯(z) where m¯ = 4¯, · · · , 8¯). The U(1) charges of the remaining WZW affine currents are
undecided.
41In particular, when kˆ+ = kˆ− (or k = 3), the N = 4 nonlinear superconformal algebra becomes the
SO(N = 4) Knizhnik-Bershadsky algebra [43, 44] with central charges c = 9 and cWolf = 274 along the line
of [15, 24]. Therefore, the higher spin currents in next section will lead to an extension of SO(4) Knizhnik-
Bershadsky algebra at c = 9. Furthermore, according to [7, 45, 46], the N = 3 linear superconformal algebra
can be reduced to the SO(N = 3) Knizhnik-Bershadsky (nonlinear) algebra by decoupling the fermion of
spin- 1
2
. The central charge is reduced with 1
2
. The exact field redefinitions in order to see this in the present













































































This section will consider the particular supersymmetric Wolf space coset minimal
model (2.1) and the higher spin currents in (4.1) will be determined.42






How does one determine the spin-1 current in (4.1)? The basic 24 N = 2 WZW affine
currents of spins 12 are given in terms of K
m(z),Km¯(z), Ja(z) and J a¯(z) in (2.9). Then
the general spin-1 current can be obtained from these by considering the quadratic ex-
pressions. Furthermore, the basic spin-1 N = 2 WZW affine currents are given by
DKm(z), DKm¯(z), DJa(z) and DJ a¯(z). The linear combinations of these currents should
be added into the most general spin-1 current T (1)(z) we are looking for. Then one can









































































We would like to determine the coefficient functions appearing in (4.2) explicitly. Since
the regularity conditions between the spin-1 current U(z) and the spin-12 currents, F11(z),
42 Let us emphasize that in the Wolf space coset model (2.1) written in terms of N = 2 superspace
(effectively N = 1 superspace due to the constraints), the higher spin currents should commute with the
N = 2 WZW affine currents (of spin- 1
2
fields and its superpartner spin-1 fields) living on the denominator
SU(3) (the explicit 8 + 8 fields will be described in the footnote 53), commute with those of three spin- 1
2
currents living on the denominator SU(2) (the fields F11(z), F22(z) and (F21 + F12)(z)), and commute
with the spin-1 and its superpartner spin- 1
2
currents living on the denominator U(1) (i.e. the field U(z)
with (2.38) and the field (F21 − F12)(z)). Once again, the OPEs between the higher spin currents and the
three SU(2) currents, [DF11(z), DF22(z) and (DF21+DF12)(z)], which are the superpartner of above three
spin- 1
2
currents DO have singular terms. Therefore, the 11 + 16 = 27 (higher spin) currents commute with






F12(z), F21(z) and F22(z) that live in section 2 and the spin-1 current T
(1)(w) are preserved
in this extended nonlinear algebra, the following relations, together with (2.36), (2.26),
(2.23), (2.20), (2.28) and (4.2), should satisfy
U(z)T (1)(w) = + · · · , Fa(z)T (1)(w) = + · · · , a = 11, 12, 21, 22. (4.3)
Then the remaining undetermined coefficient functions can be fixed by the following pri-
mary field condition under the stress tensor (3.2)
Tˆ (z)T (1)(w) =
1
(z − w)2 T
(1)(w) +
1
(z − w) ∂T
(1)(w) + · · · . (4.4)
This OPE (4.4) implies the following result
T (1)(z) Tˆ (w)| 1
(z−w)
= 0. (4.5)
In other words, the commutator [T
(1)
0 , Tˆ ] between the zero mode of T
(1) and Tˆ vanishes.
Then we are left with seven unknown coefficient functions.
All the first-order singular terms between the above spin-1 current and other six spin-1
currents can be obtained from the defining equations (3.9), (3.12) and (4.2) and by requiring
that the commutators between the zero mode T
(1)
0 and six spin-1 currents should vanish [1]
T (1)(z) Aˆi(w)| 1
(z−w)
= 0, T (1)(z) Bˆi(w)| 1
(z−w)
= 0, (4.6)
all the remaining coefficient functions are completely determined except an overall constant.
It turns out that the lowest higher spin-1 current (4.2) can be obtained as follows:43


































The field contents of (4.7) look similar to those of Aˆ3(z) in (3.9) except that the former does
not have the term of J9J 9¯(z). One can easily check that this spin-1 current is new primary
current in the sense that this cannot be written in terms of given six spin-1 currents: Aˆi
and Bˆi. Furthermore, the OPE between the spin-1 currents (4.7) does not have a first-order
pole:44
T (1)(z)T (1)(w)| 1
(z−w)
= 0. (4.8)
































where the last two fields correspond to the Wolf space denom-
inator SU(3) current. This spin-1 current has both subgroup indices and coset indices of Wolf space.












Therefore, this spin-1 current will play an important role in the construction of higher spin
currents because this will generate, in principle, all the higher spin currents with the help
of the currents in the N = 4 nonlinear algebra described in previous section.
Consider the next OPE between the spin-32 current (3.17) and the spin-1 current (4.7)
to determine the other current in the higher spin currents of spins (1, 32 ,
3
2 , 2). Usually,
the N = 2 description for this particular OPE produces the second component of N = 2












(w) + · · · , (4.9)
where the new spin-32 current (in the sense that this cannot be written in terms of combi-











JaDJ a¯(w) + other cubic terms. (4.10)
The field contents of this current can be seen from the current Gˆ21(z) (3.17) where there
are quadratic and cubic terms with the two indices among 1, 2, 3, 1¯, 2¯ and 3¯. From the
right hand side of (4.9), the U(1) charges of two currents appearing in the first-order pole
are the same.
There are no singular terms in the OPE between this spin-32 current (4.10) and the
spin-1 current (2.36). The OPEs between the spin-32 current (4.10) and the spin-
1
2 cur-
rents (2.26), (2.23), (2.20), and (2.28) (also the spin-1 current (2.36)) do not contain any









+ (w) = + · · · , a = 11, 12, 21, 22. (4.11)
Note that the normalization of spin-1 current T (1)(z) in (4.7) (i.e. the footnote 44) was











+ (w) + · · · . (4.12)





normalization A(N, k). By taking the U(1) charge under the T (1) spin-1 current to be
1, the normalization constant is given by A(N, k) = 1(5+k) which appears in (4.7). The
OPE (4.12) implies that the U(1) charge of T (1)(z) is equal to zero.
The next OPE between the spin-32 current (3.16) and the spin-1 current (4.7) can be
calculated to obtain the other remaining spin-32 current in the higher spin currents of spins
(1, 32 ,
3
2 , 2). As observed before, the reason why one considers this particular OPE is the
45We will not consider the OPEs between the higher spin currents themselves in this paper. Of course,
they should be calculated to complete the full structure of the extended large N = 4 nonlinear algebra and






fact that the N = 2 description of this OPE provides the third component of N = 2












(w) + · · · , (4.13)











DJaJ a¯(w) + other cubic and linear terms. (4.14)
The field contents of this current can be seen from the current Gˆ12(z) (3.16) where there
are quadratic and cubic terms with the two indices among 1, 2, 3, 1¯, 2¯ and 3¯. The U(1)
charge of two currents in the first-order pole of (4.13) are the same. The OPE (4.13) is
conjugated to the OPE (4.9).
No singular terms in the OPE between this spin-32 current (4.14) and the spin-1
current (2.36) exist. The OPEs between the spin-32 current (4.14) and the spin-
1
2 cur-










− (w) = + · · · , a = 11, 12, 21, 22. (4.15)
Consider the spin-32 current (3.17) and the spin-
3
2 current (4.14) to determine the last







































+ · · · , (4.16)
where the last component of the higher spin current of spins (1, 32 ,
3
2 , 2) can be described as





+ other quartic, cubic, quadratic and linear terms. (4.17)
The complete expression is not presented here. In the first-order pole of (4.16), the new
spin-2 current arises and another primary spin-2 current (3.2). The relative coefficient 12
in the descendant field of the spin-1 current in the second-order pole can be obtained from
the formula in the OPE of two (quasi) primary fields. Of course, this spin-2 current cannot
be written in terms of other known currents. The U(1) charges for the currents in the
first-order pole of (4.16) should be the same.
No singular terms in the following OPEs exist as in (4.3), (4.11) and (4.15):






As in (4.5), (4.6) and (4.8), the commutator between the zero mode T
(1)
0 and the spin-2
current T (2) vanishes:46
T (1)(z)T (2)(w)| 1
(z−w)
= 0. (4.19)
Therefore, the higher spin currents of spins (1, 32 ,
3
2 , 2) are determined completely: (4.7),
(4.10), (4.14) and (4.17). Some of the OPEs between these higher spin currents and the cur-
rents from the large N = 4 nonlinear superconformal algebra are presented in (4.9), (4.13)
and (4.16). The remaining OPEs are given in appendix B.1 and appendix C.1.
4.2 Construction of higher spin currents of spins
(
3




What happens when the other spin-32 current Gˆ11(z) or Gˆ22(z) rather than Gˆ21(z) or Gˆ12(z)
acts on the lowest component of previous multiplet (1, 32 ,
3
2 , 2)? Let us focus on the OPE
Gˆ11(z)T












(w) + · · · , (4.20)












+ other cubic, quadratic and linear terms. (4.21)
Some of the fields in (4.21) can be seen from the Gˆ11(w) but the following three terms
K2K 4¯J10(w), K3K 5¯J10(w) and K3K 6¯J11(w) occur in (4.21) newly. The U(1) charges in
the first-order pole of (4.20) should be the same. As stated before, the following regularity




)(w) = + · · · , Fa(z)U ( 32 )(w) = + · · · , a = 11, 12, 21, 22. (4.22)
Consider the next OPE between the spin-32 current (3.14) and the spin-
3
2 current (4.10).





























+ · · · , (4.23)





iAˆ3− 2k(5+k) iBˆ3+ (3+k)(3+7k)T (1)
]













−K1J9J10J 9¯ +K1J10J11J 1¯1 +K1J10J12J 1¯2
)
(w)
+ other quartic, cubic and quadratic terms. (4.24)
Note that the second term Aˆ3(Bˆ1 − iBˆ2) in the first order pole of (4.23) is primary field
under the stress tensor (3.2) because the current Aˆ3(z) and the current (Bˆ1 − iBˆ2)(z) are
primary and commute with each other. Furthermore, each term of the spin-2 current (4.24)
contains K1(z), K2(z) or K3(z). There are no composite terms consisting of Ja(z), J a¯(z),
DJa(z) or DJ a¯(z).
As in (4.22), the following OPEs satisfy the regular conditions
U(z)U
(2)
+ (w) = + · · · , Fa(z)U (2)+ (w) = + · · · , a = 11, 12, 21, 22. (4.25)


































(w) + · · · , (4.27)










+ other quartic, cubic, quadratic and linear terms. (4.28)
Compared to the previous spin-2 current (4.24), the first six terms (and the last term)
of (4.28) contain only Ja(z), J a¯(z), DJa(z) or DJ a¯(z). One realizes that the U(1) charge
of U
(2)


























(w) + · · · ,
it is natural to consider the extra spin-2 current in the first-order pole (i.e. the first-order pole subtracted
by the descendant terms) as a second component of higher spin currents of spins ( 3
2
, 2, 2, 5
2
).

























(w) + · · · .
After subtracting the descendant term in the first-order pole, the extra spin-2 current with plus sign is the
third component of the higher spin currents of spins ( 3
2








As one expects in (4.25), the following OPEs are satisfied
U(z)U
(2)
− (w) = + · · · , Fa(z)U (2)− (w) = + · · · , a = 11, 12, 21, 22. (4.29)















































(w) + · · · ,










J9J10J11J 1¯0J 1¯1 + J9J10J12J 1¯0J 1¯2 + J9J11J12J 1¯1J 1¯2
)
(w)
+ other quintic, quartic, cubic, quadratic and linear terms. (4.32)
Again, the U(1) charge conservation leads to the fact that the three currents in (4.31) in
the first-order pole have the same U(1) charge. The complete expression for (4.32) is not





)(w) = + · · · , Fa(z)U ( 52 )(w) = + · · · , a = 11, 12, 21, 22. (4.33)
Therefore, the higher spin currents of spins (32 , 2, 2,
5
2) are determined com-
pletely: (4.21), (4.24), (4.28) and (4.32). Some of the OPEs between these higher spin
currents and the currents from the large N = 4 nonlinear superconformal algebra are pre-
sented in (4.20), (4.23), (4.27) and (4.31). The remaining OPEs are given in appendix B.2
and appendix C.2.
4.3 Construction of higher spin currents of spins
(
3




In this subsection, we consider the second case when the other spin-32 current Gˆ22(z) acts








−Gˆ22 + 2V ( 32 )
]
(w) + · · · , (4.34)

















The field contents of (4.35) look similar to those of (4.21). The barred and unbarred indices
in (4.21) are replaced by unbarred and barred ones in (4.35) respectively. The U(1) charges
of the two currents in (4.34) are the same. The OPE (4.34) is conjugated to the OPE (4.20).




)(w) = + · · · , Fa(z)V ( 32 )(w) = + · · · , a = 11, 12, 21, 22. (4.36)

























(w) + · · · , (4.37)










+ other quartic, cubic, quadratic and linear terms. (4.38)
The field contents of (4.38) can be obtained after the barred and unbarred indices in (4.28)
are replaced by unbarred and barred ones respectively. The OPE (4.37) looks very similar
to (4.27): they are conjugated to each other under the U(1) charge.




+ (w) = + · · · , Fa(z)V (2)+ (w) = + · · · , a = 11, 12, 21, 22. (4.39)
Furthermore, the first-order pole in the OPE T (1)(z)V
(2)





























































(w) + · · · .














−K 1¯J9J 9¯J 1¯0 +K 1¯J11J 1¯0J 1¯1 +K 1¯J12J 1¯0J 1¯2
)
(w)
+ other quartic, cubic and quadratic terms. (4.42)
The OPE (4.41) is conjugated to the OPE (4.23) under the U(1) charge. As before in (4.39),
one has the following OPEs
U(z)V
(2)
− (w) = + · · · , Fa(z)V (2)− (w) = + · · · , a = 11, 12, 21, 22, (4.43)














































(w) + · · · ,









J10J11J 9¯J 1¯0J 1¯1 + J10J12J 9¯J 1¯0J 1¯2 + J11J12J 9¯J 1¯1J 1¯2
)
(w)
+ other quintic, quartic, cubic, quadratic and linear terms. (4.46)





)(w) = + · · · , Fa(z)V ( 52 )(w) = + · · · , a = 11, 12, 21, 22. (4.47)
Therefore, the higher spin currents of spins (32 , 2, 2,
5
2) are determined com-
pletely: (4.35), (4.38), (4.42) and (4.46). Some of the OPEs between these higher spin
currents and the currents from the large N = 4 nonlinear superconformal algebra are pre-
sented in (4.34), (4.37), (4.41) and (4.45). The remaining OPEs are given in appendix B.2
and appendix C.2.

























(w) + · · · ,












In this subsection, the final N = 2 multiplet can be determined. One way to see the




























(3Aˆ3 − kBˆ3) + T (1)
)]
(w)
+ · · · , (4.48)





J9J10J 9¯J 1¯0 + J9J11J 9¯J 1¯1 + J9J12J 9¯J 1¯2
+ J10J11J 1¯0J 1¯1 + J10J12J 1¯0J 1¯2 + J11J12J 1¯1J 1¯2
)
(w)
+ other quartic, cubic, quadratic and linear terms. (4.49)
The full expression of (4.49) is not presented here. As in (4.44) and (4.47), the above spin-2
current satisfies
U(z)W (2)(w) = + · · · , Fa(z)W (2)(w) = + · · · , a = 11, 12, 21, 22, (4.50)
and
T (1)(z)W (2)(w)| 1
(z−w)
= 0. (4.51)




































(w)+· · · ,











K1K4K7K 1¯K 4¯ +K1K5K7K 1¯K 5¯
)
+ other quintic, quartic, cubic, quadratic and linear terms. (4.53)
The U(1) charges of three currents in (4.52) are the same. One can check that the spin-52









+ (w) = + · · · , a = 11, 12, 21, 22. (4.54)





















































K1K4K 1¯K 4¯K 7¯ +K1K5K 1¯K 5¯K 7¯
)
+ other quintic, quartic, cubic, quadratic and linear terms. (4.56)
The two OPEs (4.52) and (4.55) are conjugated to each other. Also one obtains the follow-
ing regularity conditions (i.e. the higher spin current should commute with the subgroup









− (w) = + · · · , a = 11, 12, 21, 22. (4.57)

























−4(15 + 65k + 22k
2)



























T (1) Bˆ3 +
8(−4 + k)
3(5 + k)2

















(19 + 23k)(5 + k)
(






















(w) + · · · , (4.59)
where the new spin-3 current can be described as
W (3) = −4(−27 + 23k + 2k
2)
5 + k)5(19 + 23k)
(
K1K2K4K 1¯K 2¯K 4¯ +K1K3K4K 1¯K 3¯K 4¯
)
+ other sextic, quintic, quartic, cubic, quadratic and linear terms. (4.60)
51 The OPE of two quasi-primary fields, of spins hi and hj respectively, takes the form [49–55]
Φi(z) Φj(w) =
1



















The γij corresponds to a metric on the space of quasi-primary fields. The structure constant Cijk appears in
the three-point function. The index k specifies all the quasi-primary fields occurring in the right hand side









in the descendant fields depend on the
spins and number of derivatives. For the fixed Cijk, the relative coefficient functions in the descendant fields
using (4.58) can be obtained. It is quite nontrivial to rearrange those expressions in terms of determined






Note that because the relative coefficient functions for the descendant fields of the spin-1
currents appearing in the third-order pole in (4.59) vanish, there are no descendant fields
in the second-order pole. In the first-order pole in (4.59), the total derivative terms with
the coefficient 14 are descendant fields of the spin-2 currents in the second-order pole. The
remaining three terms containing Tˆ (w) are quasi-primary fields of spin-3 under the stress
tensor (3.2).52
Therefore, the higher spin currents of spins (2, 52 ,
5
2 , 3) are determined com-
pletely: (4.49), (4.53), (4.56) and (4.60). Some of the OPEs between these higher spin
currents and the currents from the large N = 4 nonlinear superconformal algebra are pre-
sented in (4.48), (4.52), (4.55) and (4.59). The remaining OPEs are given in appendix B.3
and appendix C.3.
5 Extension of large N = 4 nonlinear superconformal algebra in the
coset minimal model
In section 3, the 11 currents of large N = 4 nonlinear superconformal algebra were con-
structed and in section 4, the 16 higher spin currents were found. For the extension of
large N = 4 nonlinear superconformal algebra, one should calculate the OPEs between the






















































In other words, the OPEs between 11 currents in the left hand side of (5.1) and the 16
currents in the right hand side of (5.1)53 are needed.
52One has the following regularity conditions between the spin-3 current and four spin- 1
2
currents and
spin-1 current, as in (4.57)
U(z)W (3)(w) = + · · · , Fa(z)W (3)(w) = + · · · , a = 11, 12, 21, 22.






53 One can easily check that the OPEs between (11 + 16) cur-




























4(−3i+√3)DK 7¯ + i(√6 + 3i√10)DK 8¯
)
(w) do not have any singular terms. The first and
second fields look similar to F21(z) and F12(z). The only difference appears in the coefficient of K
7(z)
and K 7¯(z). These are N = 2 WZW affine currents for the denominator SU(3) in the Wolf space coset
model. Furthermore, the OPEs of above (11 + 16) currents and [Km(z), Km¯, DKm(z), and DKm¯(z)]
where m = 4, · · · , 6 and m¯ = 4¯, · · · , 6¯ do not have any singular terms. Therefore, these eight currents (and






5.1 U(1) charges of higher spin currents
It is straightforward to calculate the various U(1) charges under the U(1) current introduced


























































































































































































We present these U(1) charges in the table 2 explicitly.54 Then the U(1) charges of all the
composite fields coming from the (11+16) currents can be determined by the assignments
in table 1 and table 2. The necessary U(1) assignments in this paper are presented in
table 3–table 7.
5.2 Structure of OPEs
The 16 higher spin currents are primary fields under the stress energy tensor Tˆ (z) (3.2).
Then the remaining nontrivial OPEs between the 16 currents and the 11 currents are given
by 1) the OPEs between the six spin-1 currents and the 16 higher spin currents described
in appendix B and 2) the OPEs between the four spin-32 currents and the 16 higher spin
currents described in appendix C. It is nontrivial to extract all the structures in the right
hand sides of above OPEs. Because the left hand sides of these OPEs are known in terms
N = 2 WZW affine currents, we would like to express them in terms of known currents. If
one cannot write them with the known currents, then one should obtain the new primary
fields appearing in the right hand sides along the line of footnote 51. One should write down
54If one uses the notations (++,+−,−+,−−) for the fermion currents and (+,−, 3) for the bosonic






the correct terms, which preserve the right U(1) charge described before via tables 1–7,
with arbitrary coefficients at the specific pole (with fixed spin) in the given OPE.
For example, in the OPEs between the spin-1 currents of large N = 4 nonlinear algebra
and the largest spin-3 higher spin current, by dimensional analysis of spin, the first-order
pole contains the spin-3 fields in appendices (B.29)–(B.32). One can rearrange these OPEs
in terms of descendant fields with known coefficients and (quasi) primary fields at first-order
pole terms. The U(1) charges of composite spin-3 fields are presented in table 5. The U(1)
charge of the left hand side of appendix (B.29) is the sum of the U(1) charge of (Aˆ1+iAˆ2)(z)
and the one of W (3)(w). The former is given by − 6(5+k) and the latter is given by 0 from
table 2. Therefore, the total U(1) charge, − 6(5+k) , should appear in the right hand side
of appendix (B.29). Then from the first row of table 5, there exist 26 possible composite
spin-3 fields with U(1) charge − 6(5+k) . Because the left hand side of appendix (B.29) is
written in terms of N = 2 WZW affine currents explicitly, let us subtract the above 26
terms with arbitrary k-dependent coefficients from the left hand side of appendix (B.29). In
order to vanish these quantities, one should solve this equation. This is equivalent to solve
many linear equations with respect to the above undetermined k-dependent coefficients. It
turns out that the unknown coefficient functions can be obtained completely and they are
given in appendix (B.29). Of course, when the order of any product is changed, the extra
derivative terms arise either in table 6 or in the OPE of appendix (B.29).
What about the OPEs between the spin-32 currents of large N = 4 nonlinear su-
perconformal algebra and the above spin-3 higher spin current? They are presented in
appendix (C.43)–(C.46). One can have the composite spin-72 fields in the first-order pole
of appendix (C.43) by dimensional analysis as before. The total U(1) charge of this OPE
should be preserved. Because the U(1) charge of the left hand side is given by (−3+k)5+k from
the table 2, the possible 68 composite fields with this U(1) charge are presented in the first
row of table 7. As performed in previous paragraph, it turns out that the unknown 41
coefficient functions can be obtained completely and they are given in appendix (C.43).
In these examples, there are no new (quasi) primary fields in the first-order pole. As
in (4.59), when one cannot solve the linear equations completely due to the appearance of
new (quasi) primary fields, one should resort to the procedure described in the footnote 51.
That is, one should check that any singular terms consist of a couple of descendant fields
(with determined coefficient functions using the formula in the footnote 51) and a couple
of (quasi) primary fields.
As in an abstract, the result from appendices B and C shows that the right hand
sides of all the OPEs contains the composite fields which can be obtained from the known
(11 + 16) currents. There exist no new primary fields. One expects that the new primary
fields will appear in the OPEs between the 16 currents and themselves [48].
6 Conclusions and outlook
As in an abstract, the 16 higher spin currents given in (1.2) and 11 currents of large N = 4
nonlinear algebra are found explicitly in the Wolf space coset model SU(5)SU(3)×SU(2)×U(1) . Part
























































Table 2. The U(1) charges for the 16 currents from (5.2). For convenience, the U(1) charges for
the 11 currents of large N = 4 nonlinear superconformal algebra in table 1 are presented also. The
fields appearing in the first-order poles of (B.4), (B.5), [(B.1) and (C.1)], (B.3), (B.9), (B.3), (B.2),
[(B.6) and (C.2)] and (B.4) correspond to the above ones located at each row, respectively.














+ , ∂Aˆ−, Aˆ−Aˆ3, Aˆ−Bˆ3
0 T (1)Aˆ3, T
(1)Bˆ3, Tˆ , T
(2), W (2), T (1)T (1), ∂Aˆ3, ∂Bˆ3, ∂T
(1)
Aˆ+Aˆ−, Aˆ3Aˆ3, Aˆ3Bˆ3, Bˆ+Bˆ−, Bˆ3Bˆ3
− 6(5+k) T (1)Aˆ+, U
(2)
− , ∂Aˆ+, Aˆ+Aˆ3, Aˆ+Bˆ3
−2(−3+k)(5+k) Aˆ−Bˆ+
− 2k(5+k) T (1)Bˆ+, V
(2)
− , ∂Bˆ+, Aˆ3Bˆ+, Bˆ+Bˆ3
−2(3+k)(5+k) Aˆ+Bˆ+
Table 3. The U(1) charges for the spin-2 fields which can be obtained from the U(1) charges
in table 2. The fields appearing in the first-order pole in [(B.8) and (C.5)], [(C.3) and (C.12)],
[(B.7), (B.12) and (C.10)], (C.6), [(B.10), (C.4) and (C.13)], [(B.21) and (C.11)], (B.8), (B.22)
and (B.11) correspond to the above ones respectively. One sees that the fields located at the first
four rows have their conjugated ones in the last four rows.
If one says the last statement of the abstract precisely, the (11 + 16) currents commute
with the N = 2 (effectively N = 1) WZW affine currents living in the N = 1 subgroup
SU(3) × U(1) and the bosonic subgroup SU(2). The regular conditions of these currents
with the four spin-12 currents and spin-1 current were very crucial. Three of four spin-
1
2





























+ , Aˆ−Gˆ11, Aˆ−U
3






































− , Bˆ3Gˆ11, Bˆ3U
( 3
2
































+ , Bˆ3Gˆ22, Bˆ3V
( 3
2












− , Aˆ+Gˆ22, Aˆ+V
3




































Table 4. The U(1) charges for the spin- 52 fields which can be obtained from the U(1) charges
in table 2. The fields appearing in the first-order pole in (C.16), (C.14), (C.19), (C.17),
[(C.7), (C.15), (C.20) and (C.33)], (C.18), (C.18), [(C.9), (C.27) and (C.28)], [(C.8), (C.21)
and (C.34)], (C.19), (C.14) and (C.16) correspond to the above ones respectively. Similarly,
the fields appearing in the first-order pole in (B.26), (B.16), (B.24), [(B.14) and (B.20)], [(B.23)
and (B.28)], (B.13), (B.18), [(B.25) and (B.27)], [(B.15) and (B.17)], (B.24), (B.19) and (B.26)
correspond to the above ones respectively. The fields in the first six rows are conjugated to each
other in those in the last six rows.
live in the N = 1 subgroup U(1). The two SU(2) affine algebras are embedded in the
N = 4 coset theory in nontrivial way. The SU(2)3 algebra is realized by the Wolf space
coset currents while the SU(2)k algebra is realized by two currents from the Wolf space
subgroup and one remaining current from both Wolf space subgroup and Wolf space coset.
Compared to the work of [35] where the N = 2 W5 algebra with spin contents of
(1, 32 ,
3












2 , 5) is realized on the coset CP
4 = SU(5)SU(4)×U(1) ,
the present Wolf space coset model has more higher spin currents in the sense that there
exist the additional second and third multiplets of (1.2). This is because the dimension of
the subgroup in Wolf space coset is less than the one of the above CP4 model and there
exists more room for construction of higher spin currents.
From the OPEs between the 11 currents and 16 higher spin currents, one realizes that






U(1) charge Composite fields of spin-3
(6+2k)
(5+k) Aˆ3Aˆ−Bˆ−, Bˆ3Aˆ−Bˆ−, T
(1)Aˆ−Bˆ−, Aˆ−U
(2)






































(5+k) Aˆ3Aˆ+Bˆ−, Bˆ3Aˆ+Bˆ−, T
(1)Aˆ+Bˆ−, Bˆ−U
(2)














(1)∂Aˆ−, Aˆ−Tˆ , Aˆ−T
(2), Aˆ−W













( 32 ), Aˆ−Aˆ+Aˆ−,






(1)T (1), Aˆ3∂Aˆ−, Bˆ3∂Aˆ−
0 W (3), T (1)Tˆ , T (1)T (2), T (1)W (2), T (1)∂Aˆ3, T
(1)∂Bˆ3, T
(1)∂T (1), T (1)T (1)T (1),
Aˆ+V
(2)
+ , Aˆ+∂Aˆ−, Aˆ−U
(2)










+ , Bˆ+∂Bˆ−, Bˆ−V
(2)
− , Bˆ−∂Bˆ+, Bˆ3Tˆ , Bˆ3T
(2),
Bˆ3W
(2), Bˆ3∂Aˆ3, Bˆ3∂Bˆ3, Bˆ3∂T



































( 32 ), Aˆ+Aˆ−Aˆ+,






(1)T (1), Aˆ3∂Aˆ+, Bˆ3∂Aˆ+
− (−6+2k)(5+k) Aˆ3Aˆ−Bˆ+, Bˆ3Aˆ−Bˆ+, T (1)Aˆ−Bˆ+, Bˆ+V (2)+ , Bˆ+∂Aˆ−,
Aˆ−V
(2)
− , Aˆ−∂Bˆ+, Gˆ22Gˆ22, Gˆ22V





− 2k(5+k) T (1)V (2)− , T (1)∂Bˆ+, Aˆ3V (2)− , Aˆ3∂Bˆ+, Bˆ+T (2), Bˆ+W (2), Bˆ+∂Aˆ3, Bˆ+∂Bˆ3, Bˆ+∂T (1),
Bˆ3V
(2)
− , Bˆ+Tˆ , Bˆ3∂Bˆ+, ∂V
(2)
− , Gˆ12Gˆ22, Gˆ12V





( 32 ), Aˆ+Aˆ−Bˆ+,
Aˆ3Aˆ3Bˆ+, ∂




− (6+2k)(5+k) Aˆ3Aˆ+Bˆ+, Bˆ3Aˆ+Bˆ+, T (1)Aˆ+Bˆ+, Aˆ+V (2)− , Aˆ+∂Bˆ+,
Bˆ+U
(2)







Table 5. The U(1) charges for the spin-3 fields which can be obtained from the U(1) charges in
table 2. The fields appearing in the first-order pole in appendix (C.37), [(C.24) and (C.35)], (C.22),
[(B.30), (C.31) and (C.38)], [(C.25), (C.29), (C.36) and (C.41)], [(B.29), (C.23) and (C.39)], (C.32),











( 52 ), Aˆ−Aˆ3Gˆ11, Aˆ−Aˆ3U
( 32 ), Aˆ−Bˆ−Gˆ12,
Aˆ−Bˆ−T
( 32 )
− , Aˆ−Bˆ3Gˆ11, Aˆ−Bˆ3U
( 32 ), Aˆ−∂Gˆ11, Aˆ−∂U




( 52 ), Bˆ−Aˆ3Gˆ22, Bˆ−Aˆ3V
( 32 ), Bˆ−Bˆ3Gˆ22,
Bˆ−Bˆ3V






( 32 ), Aˆ3W
( 52 )
+ , Aˆ3Aˆ3Gˆ21, Aˆ3Aˆ3T
( 32 )





































( 32 ), ∂Aˆ3Gˆ21, ∂Aˆ3T
( 32 )
+ , ∂Bˆ−Gˆ22, ∂Bˆ−V

































− (3+k)(5+k) Aˆ+Aˆ−Gˆ12, Aˆ+Aˆ−T
( 32 )
− , Aˆ+V
( 52 ),, Aˆ+Aˆ3Gˆ22, Aˆ+Aˆ3V
( 32 ), Aˆ+Bˆ+Gˆ21,
Aˆ+Bˆ+T
( 32 )
+ , Aˆ+Bˆ3Gˆ22, Aˆ+Bˆ3V
( 32 ), Aˆ+∂Gˆ22, Aˆ+∂V




( 52 ), Bˆ+Aˆ3Gˆ11, Bˆ+Aˆ3U
( 32 ), Bˆ+Bˆ3Gˆ11,
Bˆ+Bˆ3U






( 32 ), Aˆ3W
( 52 )
− , Aˆ3Aˆ3Gˆ12, Aˆ3Aˆ3T
( 32 )





































( 32 ), ∂Aˆ3Gˆ12, ∂Aˆ3T
( 32 )
− , ∂Bˆ+Gˆ11, ∂Bˆ+U

































Table 6. The U(1) charges for the spin- 72 fields. The fields appearing in the first-order pole in
appendix (C.45) and (C.44) correspond to the above ones respectively. The fields in the first row
are conjugated to those in the second row.
currents and 16 currents. In the right hand side of these OPEs, we only focus on the linear
higher spin current terms. See also appendix C where one obtains all the detailed results.

































































0, 0, 0, 0







































U(1) charge Composite fields of spin- 72
(−3+k)
(5+k) Aˆ−Aˆ+Gˆ11, Aˆ−Aˆ+U
( 32 ), Bˆ+Bˆ−Gˆ11, Bˆ+Bˆ−U




− , Bˆ−Aˆ3Gˆ12, Bˆ−Aˆ3T
( 32 )
























( 52 ), Aˆ3Aˆ3Gˆ11, Aˆ3Aˆ3U
( 32 ), Aˆ3Bˆ3Gˆ11, Aˆ3Bˆ3U





2 ), Aˆ3∂Gˆ11, Aˆ3∂U
( 32 ), Bˆ3U
( 52 ), Bˆ3Bˆ3Gˆ11, Bˆ3Bˆ3U





2 ), Bˆ3∂Gˆ11, Bˆ3∂U
( 32 ), T (1)U (
5
2 ), T (1)T (1)Gˆ11,
T (1)T (1)U (
3
2 ), T (1)∂Gˆ11, T
(1)∂U (
3





− , ∂Bˆ3Gˆ11, ∂Bˆ3U

























( 32 )Tˆ , U (
3
2 )T (2), U (
3
2 )W (2), U (
3
2 )∂Aˆ3
− (−3+k)(5+k) Aˆ+Aˆ−Gˆ22, Aˆ+Aˆ−V (
3
2 ), Bˆ−Bˆ+Gˆ22, Bˆ−Bˆ+V




+ , Bˆ+Aˆ3Gˆ21, Bˆ+Aˆ3T
( 32 )
























( 52 ), Aˆ3Aˆ3Gˆ22, Aˆ3Aˆ3V
( 32 ), Aˆ3Bˆ3Gˆ22,
Aˆ3Bˆ3V




2 ), Aˆ3∂Gˆ22, Aˆ3∂V
( 32 ), Bˆ3V
( 52 ), Bˆ3Bˆ3Gˆ22,
Bˆ3Bˆ3V




2 ), Bˆ3∂Gˆ22, Bˆ3∂V
( 32 ), T (1)V (
5
2 ), T (1)T (1)Gˆ22,
T (1)T (1)V (
3
2 ), T (1)∂Gˆ22, T
(1)∂V (
3





+ , ∂Bˆ3Gˆ22, ∂Bˆ3V

























( 32 )Tˆ , V (
3
2 )T (2), V (
3
2 )W (2), V (
3
2 )∂Aˆ3
Table 7. The U(1) charges for the spin- 72 fields. The fields appearing in the first-order pole in
appendix (C.43) and (C.46) correspond to the above ones respectively. The fields in two rows are
conjugated to each other.
There are no higher spin currents, denoted by zeros in (6.1) corresponding to the row
containing G11(w) when one writes (2.44) in terms of 4× 4 matrix, in the OPEs between
the current Gˆ11(z) and the four currents living in the second multiplet of (4.1). These




)(w) appears in the last columns of these rows by conformal dimensional analysis.
Finally, the first and last multiplets of (4.1) appear in the third row in (6.1). Of course,














































































































There are no higher spin currents, denoted by zeros in (6.2) corresponding to the column
containing G12(w) in (2.44), in the OPEs between the current Gˆ12(z) and the four currents
living in the third component of each multiplet of (4.1). These four currents appear in the





in the last rows of these columns. Finally, the first and last components in each multiplet
of (4.1) appear in the second column in (6.2). Of course, the currents T (1)(w) and W (2)(w)
can appear in the last row of this column.























































+ , 0, T



































+ , 0, T











There are no higher spin currents, denoted by zeros in (6.3) corresponding to the column
containing G21(w) in (2.44), in the OPEs between the current Gˆ21(z) and the four currents
living in the second component of each multiplet of (4.1). These four currents appear in





appears in the last rows of these columns. Finally, the first and last components in each
multiplet of (4.1) appear in the third column in (6.3). Of course, the currents T (1)(w) and
























































































(1), T (2),W (2),W (3)

















There are no higher spin currents, denoted by zeros in (6.4) corresponding to the row
containing G22(w) in (2.44), in the OPEs between the current Gˆ22(z) and the four currents
living in the third multiplet of (4.1). These four currents appear in first and last rows in
the final expression of (6.4). Also the current V (
3
2
)(w) appears in the last columns of these
rows. Finally, the first and last multiplets of (4.1) appear in the second row in (6.1). Of
course, the currents T (1)(w) and W (2)(w) can appear in the last column of this row.
We present some future interesting research directions.
• The OPEs between the higher spin currents themselves.
Because the 16 higher spin currents are found explicitly, it is natural to calculate the
OPEs between them [48]. The next higher spin currents are specified by the following




































One expects that some of the new higher spin currents in (6.5) should arise in the
OPEs between the higher spin currents in (1.2). For N = 3, there exist finite higher
spin currents consisting of (1.2) and (6.5) besides the higher spin currents in the short
representation [1]. One expects that the most complicated OPE is given by the OPE
between the spin-3 current and itself. It would be interesting to study the complete
structure of these higher spin currents. Eventually, it is an open problem, after the
work of [48] is done, to obtain the two dimensional boundary conformal field theory
(in the context of higher spin theory) dual to the string theory in AdS3×S3×S3×S1
compactification [56–59], as suggested in [1]. See also [60] in the context of alternating
spin chain [61, 62].
• For general N , how the extended currents arise?
Eventually one should have the higher spin currents for general N . In doing this, the
first step is to write down the 16 currents in the large N = 4 linear superconformal
algebra or 11 currents in the largeN = 4 nonlinear superconformal algebra for general






of OPEs for general N , by hand, are based on the component OPEs along the line
of [63–67]. Then one should know the various identities between the products of f
symbols in the complex basis. One can extract some tensor structures from the OPE
results in appendices A, B and C because the fermionic currents transform as (2,2)
under the two SU(2)’s from the observation of [1]. Of course, it is quite nontrivial
and complicated to obtain the full algebra like as appendices A, B and C but at least
one should find the currents themselves (not the whole algebra).
• Inserting the four spin-12 and spin-1 currents
What happens when we substitute Tˆ (z), Aˆ1(z), [Aˆ2(z) and Aˆ3(z)], [Bˆ1(z), Bˆ2(z) and
Bˆ3(z)], and [Gˆ11(z), Gˆ12(z), Gˆ21(z) and Gˆ22(z)] using the equation (3.2), (3.5), (3.6),
(3.10) and (3.13) in the large N = 4 nonlinear superconformal algebra? Then one
expects that one obtains the large N = 4 linear superconformal algebra. See also the
work of [24]. It would be interesting to study the other OPEs by reintroducing the
four spin-12 currents and a spin-1 current.
• Other group realization.
In the classification of N = 4 coset theory in [15], there exists a coset model
Wolf× SU(2)×U(1) = SO(N + 4)
SO(N)× SU(2) ×U(1). (6.6)
As described in [55], the central charge for this coset model is given by c = 6(k+1)(N+1)(k+N+2)
which is equal to the one in (2.2). The first nontrivial case is for N = 4. At least, the
large N = 4 (non)linear superconformal algebra should exist. But the spin contents
for the higher spin currents will be different from those in the coset model (2.1)
in this paper. Therefore, it would be interesting to study the higher spin currents
in the above Wolf space for (fixed) general N . The corresponding N = 2 current
algebra in N = 2 superspace for the supersymmetric WZW model, with level k, on
a group G = SO(N +4) of even dimension (for the odd dimension one can introduce
the extra U(1) in the both numerator and the denominator of the coset), can be
obtained from [35]. In general, the component expression of N = 2 current algebra
in the above coset model (6.6) looks different. The previous works [68–70] in this
direction will be helpful. Note that the similar coset SO(N+4)SO(N+2)×SO(2) appears in the
Kazama-Suzuki model. In this case, one can also construct the higher spin currents
of even spins as well.
• The general Kazama-Suzuki model and nonabelian generalization
As observed in [1], the Wolf space can be generalized to the Kazama-Suzuki coset
model in (2.4)
SU(N +M)






In this coset model, the central charge c = 3kMN(M+N+k) in (2.5) depends on k,M and N .
Then in the stringy limit where the three quantities k,M and N go to infinity simul-
taneously, the central charge behaves N2 which is appropriate for a stringy model.
It would be interesting to study the higher spin currents in this generalized coset
model. For general M and N , this coset model has at least N = 2 supersymmetry.
Note that the coset (6.7) for M = 2 case is the coset model considered in this paper.
The immediate question is how to construct theM2 fermions which can be decoupled
from the algebra.
• Extension of N = 2 U(3) or U(2|1) Knizhnik-Bershadsky algebras and others.
In [71], the two N = 2 superconformal algebras were found. Decoupling of four spin-12
currents appropriately, the U(3) [43, 44] or U(2|1) [72] Knizhnik-Bershadsky algebras
were reproduced. Furthermore, the N = 2 WZW affine current superalgebra has
been found. Then it is an open problem to obtain the extension of unitary Knizhnik-
Bershadsky algebras in the higher spin current context.
For N > 4, there exists a coset construction. For example, in [73], the N = 7 and
N = 8 nonlinear superconformal algebras were studied. See also [74–76]. It would be
interesting to see whether these algebras can be extended or not in the context of minimal
model holography even though the cosets of these models do not have any group parameters
like as the rank of the group.
It would be interesting to see whether one can express the (11 + 16) currents in terms
of N = 2 superspace as done in [35] or even further N = 4 superspace in [10]. For the
16 currents of the large N = 4 linear superconformal algebra in [6], the explicit field
redefinitions in [6] provide that these 16 currents are transformed into those currents in
O(4) extended superconformal algebra given in [10]. Then the 16 currents presented in
section 2 can be combined into one single N = 4 superfield in [10]. It is not obvious how
one can express the 11 currents of large N = 4 nonlinear superconformal algebra in terms
of a single N = 4 superfield after decoupling one spin-1 current and four spin-12 currents.
We clarify the difference between the 16 higher spin currents in this paper and the ones
in [1]. One can find the particular basis where the 16 higher spin currents transform under
the two SU(2) currents characterized by Aˆi(z) and Bˆi(z) in very simple form.
55 For exam-
ple, one redefines the four spin-32 currents appearing in (4.20), (4.13), (4.9) and (4.34) by
absorbing the spin-32 currents Gˆa(w) of largeN = 4 nonlinear algebra. Then in this new ba-
sis, there are no spin-32 current Gˆa(w) dependences in the right hand side of appendix (B.2)
and (B.6). Furthermore, the OPEs between Gˆa(z) and these redefined (primary) spin-
3
2
currents transforming as (2,2) under the SU(2) × SU(2) do not contain the third-order
singular terms.
For the spin-2 currents in this new basis, one can write each (redefined) hatted spin-
2 current in terms of each unhatted spin-2 current found in (4.1) with coefficient 1 and
other composite spin-2 fields with undetermined coefficients in table 3. Then the relative
coefficients can be determined by the vanishing of second-order pole in the OPEs between












± (w) and Wˆ
(2)(w). These hatted spin-2 currents should be again primary under the
stress energy tensor Tˆ (z) and be (3,1) and (1,3) under the SU(2)× SU(2).
For the spin-52 currents, as before, each hatted spin-
5
2 current (should be (2,2) under
the SU(2)×SU(2)) can be written as each unhatted one in (4.1) and other spin-52 composite
fields with undetermined coefficients appearing in table 4. By requiring that the OPEs
between Gˆa(z) and these redefined spin-
5
2 currents do not contain the third-order singular
terms and the OPEs between the above six spin-1 currents and those hatted spin-52 currents
do not contain the second-order singular terms (and also they should be primary under
the stress energy tensor Tˆ (z)), most of the relative coefficients are fixed. The remaining
ones are determined by the condition that the OPEs between the spin-1 current T (1)(z)
and these hatted spin-52 currents do not contain the second-order singular terms [48].
For the spin-3 current, the hatted spin-3 current can be written as the unhatted one
in (4.1) and other spin-3 composite fields with undetermined coefficients appearing in
table 5. By requiring that the OPEs between Aˆi(z) (and Bˆi(z)) and the hatted spin-3
current do not contain any singular terms, the relative coefficients can be fixed.
The higher spin-1 current remains unchanged because it commutes with the above six
spin-1 currents in SU(2) × SU(2)(i.e., The OPEs do not contain any singular terms) and
both the spin-1 and the spin-3 currents, Tˆ (1)(z) and Wˆ (3)(z), play the role of (1,1) in
SU(2)× SU(2) respectively as in [1].
Now we present the final 16 higher spin currents in this new basis explicitly as follows:
Tˆ (1)(z) = T (1)(z),
Tˆ
( 32 )








































T (1)Bˆ3(z)− 3(3 + k)(13 + 9k)






−3i(−3 + 3k + 2k
2)





−3(−3 + 3k + 2k
2)





− 3(−3 + 3k + 2k
2)
(2 + k)(3 + 7k)




























































































(5 + k)(−25 + 41k + 38k2)
[
16ik(8 + k)Aˆ+Gˆ21




+2i(5 + 2k)(−5 + 23k)Aˆ3Gˆ11 + 4i(5 + 2k)(−5 + 23k)Aˆ3U ( 32 )




+12i(−1 + k)(1 + k)(5 + 2k)Bˆ3U ( 32 ) + (−3 + k)(17 + 10k)(5 + k)T (1)Gˆ11
+2i(8 + k)(−5 + 5k + 6k2)Bˆ3Gˆ11 + 2
3


















− − 2i(5 + 2k)(−5 + 23k)Aˆ3Gˆ22 + 32ik(8 + k)Aˆ3V (
3
2 )




+4i(8 + k)(−5 + 5k + 6k2)Bˆ3V ( 32 ) − (−3 + k)(17 + 10k)(5 + k)T (1)Gˆ22
−2i(8 + k)(−5 + 5k + 6k2)Bˆ3Gˆ22 + 2
3
(−3 + k)(50 + 71k + 14k2)∂Gˆ22
− 4
3




























































































−iAˆ3∂T (1) − ∂Tˆ − ∂W (2) + iBˆ3∂T (1) − 8i
(k + 5)
Aˆ+Aˆ−Aˆ3 − T (1)Aˆ3Aˆ3






















(4890k2 + 7823k − 2975)(5 + k)Aˆ+V (2)+
− i
2
(1746k3 + 17365k2 + 24460k − 7175)Aˆ−U (2)−
− i(519762k
5 + 3980167k4 + 8204637k3 + 4284093k2 − 1220395k − 739200)
(7k + 3)(23k + 19)
×Aˆ3Tˆ + 3
2








(2022k4 + 28451k3 + 82512k2 + 19815k − 59900)Aˆ3∂Bˆ3
− i
2








(1098k4 + 6953k3 + 10756k2 − 1235k − 5800)Bˆ−V (2)−
− 1
(k + 5)
(312k4 + 7156k3 + 26471k2 + 15290k − 15425)Bˆ−∂Bˆ+
− i
(7k + 3)(23k + 19)
(101016k6 + 1081846k5 + 4027699k4












(2034k4 + 13661k3 + 29267k2 + 7775k − 18825)Bˆ3∂Aˆ3
− 1
(k + 5)
(1098k4 + 11669k3 + 33118k2 + 16285k − 17350)Bˆ3∂Bˆ3
− i
3(k + 5)
(2994k4 − 475k3 − 53632k2 − 46735k + 40500)∂2Bˆ3
−1
6
(1398k3 + 2433k2 − 4957k − 3500)(5 + k)∂2T (1)
−1
4






















(1098k4 + 13589k3 + 60394k2 + 59365k − 27850)Aˆ+Aˆ−Bˆ3
− i
(k + 5)








(4086k4 + 50329k3 + 275267k2 + 523139k + 300835)T (1)T (1)T (1)
]
(z). (6.8)
The corresponding algebras between the 10 currents, Aˆ±(z), Aˆ3(z), Bˆ±(z), Bˆ3(z) and


























Wˆ (3)(w), in (6.8) are given at the end of appendices B and C.
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A The OPEs of the large N = 4 nonlinear superconformal algebra from
WZW affine currents
In section 3, the stress tensor is given by (3.2) and the OPE between this stress tensor and
itself can be described as







(z − w)2 2Tˆ (w) +
1
(z − w) ∂Tˆ (w) + · · · , (A.1)
where the central charge cˆ is given by (3.3).
The 10 currents which are given in (3.14)–(3.17), (3.9) and (3.12) are primary fields
under this stress tensor (3.2) as follows:
Tˆ (z) Φ(w) =
1
(z − w)2 hΦ(w) +
1
(z − w) ∂Φ(w) + · · · , (A.2)






Let us present the nontrivial remaining OPEs between these 10 currents as follows:
• spin-32 spin-32 OPEs



























(α+iAˆi − α−iBˆi)c(a(α+jAˆj − α−jBˆj)cb)
]
(w) + · · · , (A.3)
where δˆab is normalized to be 1. The central charge cWolf appearing above is given
by cWolf =
18k
(5+k) (2.3) for N = 3. In general, this central charge is different from the
one in the OPE (A.1) of stress energy tensor and itself. Note that compared to the
linear case, the nonlinear terms of (A.3) are nontrivial.
• spin-1 spin-32 OPEs




(z − w) α
+i
ab Gˆ
b(w) + · · · . (A.4)
Compared to the linear case, the right hand sides of (A.4) look similar to the one
in linear case by ignoring the spin-12 currents over there. Note that the OPEs
Aˆ+(z) Gˆ11(w), Aˆ+(z) Gˆ12(w), Aˆ−(z) Gˆ21(w) and Aˆ−(z) Gˆ22(w) do not contain the
singular terms. This can be understood from the U(1) charge assignment described






(w) = ∓ 1











(w) = ± 1





(w) + · · · . (A.5)
One can easily check that the U(1) charge from table 1 is preserved in (A.5).
For the other spin-1 currents (3.10), the similar OPEs can be described as
Bˆi(z) Gˆa(w) =
1
(z − w) α
−i
ab Gˆ
b(w) + · · · . (A.6)
Similarly, the OPEs Bˆ−(z) Gˆ11(w), Bˆ+(z) Gˆ12(w), Bˆ−(z) Gˆ21(w) and Bˆ+(z) Gˆ22(w)
do not contain the singular terms due to the U(1) charge conservation. Instead, one






(w) = ± 1
















(w) = ± 1





(w) + · · · . (A.7)
In this case also, the U(1) charge from table 1 is preserved in (A.7).
• spin-1 spin-1 OPEs
Finally, the OPEs between the spin-1 currents in (3.9) and (3.10) are as follows:






(z − w) ǫijk Aˆk(w) · · · ,






(z − w) ǫijk Bˆk(w) · · · , (A.8)
where kˆ+ = k and kˆ− = 3. One also has, from (A.8), the following OPEs
Aˆ+(z) Aˆ−(w) =
1
(z − w)2 kˆ
+ − 1
(z − w)2iAˆ3(w) + · · · ,
Aˆ±(z) Aˆ3(w) = ± 1
(z − w) iAˆ±(w) + · · · ,
Bˆ+(z) Bˆ−(w) =
1
(z − w)2 kˆ
− − 1
(z − w)2iBˆ3(w) + · · · ,
Bˆ±(z) Bˆ3(w) = ± 1
(z − w) iBˆ±(w) + · · · . (A.9)
The U(1) charge from table 1 is preserved in (A.9) also.
Therefore, the equations (A.3), (A.4) and (A.6) correspond to the ones in (A.7) in [42]
(or (4.3) in [41]). There are also (A.1) and (A.2).
B The OPEs between the large N = 4 nonlinear algebra currents and
the higher spin currents-I
In this appendix, we present the OPEs between the six spin-1 currents in section 3 and the
16 higher spin currents in section 4.
B.1 The OPEs between six spin-1 currents and the higher spin current of
spins (1, 32 ,
3
2 , 2)

















(z − w) i
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(z − w) i
(






(w) + · · · . (B.2)
One can check the U(1) charge conservation in these OPEs from table 2.
As before, one obtains the following OPEs as follows:56
Aˆ±(z)T
(2)(w) = − 1
(z − w)2
[
3(−3 + 3k + 2k2)




















−3(−3 + 3k + 2k
2)




















































(w) + · · · .
The U(1) charge conservation in these OPEs from tables 2 and 3 can be checked again.
B.2 The OPEs between six spin 1 currents and two higher spin currents of
spins (32 , 2, 2,
5
2)












(w) = ∓ 1
































































(w) + · · · . (B.6)
One can check the U(1) charge conservation from table 2.





































(w) + · · · , (B.8)













































−2i(15 + 23k + 4k
2)
(3 + 7k)(5 + k)





−Aˆi Aˆi + 2Aˆ3 Bˆ3 − Bˆi Bˆi
)]



















(w) + · · · .
One can check the U(1) charge conservation in these OPEs from tables 2 and 3.

























Tˆ + iT (2) − iW (2)
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(w) + · · · .
One can check the U(1) charge conservation in these OPEs from tables 2 and 3.


























































−2Aˆ−(Gˆ11 + U ( 32 ))− 2Bˆ−V ( 32 )
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)(w)+· · · .
One can check the U(1) charge conservation in these OPEs from tables 2 and 4.


































































































−2Bˆ+(Gˆ22 − V ( 32 ))
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−2Aˆ−U ( 32 ) + 2Bˆ−(Gˆ22 − V ( 32 ))
)]


























+ · · · .
One can check the U(1) charge conservation in these OPEs from tables 2 and 4.
B.3 The OPEs between six spin 1 currents and the higher spin current of
spins (2, 52 ,
5
2 , 3)
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 Gˆ21 + T ( 32 )+

































































































































+ (w)+· · · .







































2Aˆ−Gˆ12 + 4Aˆ3 V
( 3
2
) − 2Bˆ+Gˆ21 − 4Bˆ3 V ( 32 )
)]





































































−2Aˆ+Gˆ21 + 4Aˆ3 U ( 32 ) + 2Bˆ−Gˆ12 − 4Bˆ3 U ( 32 )
)]





























+ · · · .







−2(35− 20k + 33k
2)












6(1 + 41k + 12k2)
(5 + k)2(19 + 23k)
iAˆ+Aˆ3
−2(76 + 311k + 63k
2)





− (−32 + 143k + 3k
2)
(5 + k)2(19 + 23k)
∂Aˆ+ − (−139− 7k + 8k
2)










T (1)∂Aˆ+ − 8(48 + 97k + 29k
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(5 + k)2
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iAˆ3Bˆ+ − 2k(181 + 17k)
(5 + k)2(19 + 23k)
iBˆ+Bˆ3
− k(−877 + 151k)
3(5 + k)2(19 + 23k)
∂Bˆ+ − (−101 + 39k + 8k
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4(46 + 15k + 5k2)
(5 + k)2(19 + 23k)
iAˆ3Bˆ3 − 2(7 + k)
(5 + k)2
iBˆ1Bˆ1 − 2(7 + k)
(5 + k)2
iBˆ2Bˆ2
−2(133 + 361k + 40k
2)
(5 + k)2(19 + 23k)
iBˆ3Bˆ3 − 2(−41 + 31k + 4k
2)













(w) + · · · .
One can check the U(1) charge conservation in these OPEs from tables 2, 3 and 5.
As done in the OPEs between the four spin-32 currents and 16 higher spin cur-
rents, (6.1)–(6.4), one obtains the following results between the spin-1 currents and the
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(1), T (2),W (2)

 .
Note that the zeros of the right hand sides for the OPEs between Aˆ± and Bˆ± acting on the
16 higher spin currents are located at the row and column containing the corresponding






B.4 The OPEs between six spin 1 currents and the higher spin currents in
different basis
In other basis described in section 6, the OPEs between the six spin-1 currents and the





± (w) = ∓
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(w) = ∓ 1





















































(w) = ± 1




∓ (w) + · · · . (B.33)







)(z) and Vˆ (
3
2
)(z), in (B.33) transform nontrivially
under the two SU(2) currents. It is easy to see that there are no Gˆa(w)-dependences












+ (w) and Vˆ
( 3
2
)(w) as 11-,12-,21-,22-components of (2,2) in
SU(2)×SU(2) respectively, then the half of (B.33) will lead to the equation appendix (A.4)
where Gˆa(w) is replaced with the above four quantities and the remaining equations of ap-
pendix (B.33) become the equation appendix (A.6) with same replacement of Gˆa(w).




















{Aˆ+ Vˆ (2)+ }−1













 (w) = 1(z − w)





















































{Bˆ+ Uˆ (2)+ }−1













 (w) = 1(z − w)





























 (w) + · · · . (B.34)
The first half of (B.34) implies that the spin-2 currents, Uˆ
(2)
− (w), (Tˆ
(2) − Wˆ (2))(w) and
Vˆ
(2)
+ (w) transform under the SU(2) current Aˆi(z) nontrivially and the OPEs between the
other SU(2) current Bˆi(z) and these three spin-2 currents do not contain any singular
terms (i.e., singlet under the second SU(2) realized by Bˆi(z)). Note that the OPE between
the Aˆ+(z) and the top component Uˆ
(2)
− (w) does not produce any singular term, the OPE
between the Aˆ+(z) and the middle component (Tˆ
(2) − Wˆ (2))(w) produces the above top
component Uˆ
(2)
− (w) and the OPE between the Aˆ+(z) and the bottom component Vˆ
(2)
+ (w)
produces the above middle component (Tˆ (2) − Wˆ (2))(w) and other nonlinear terms which
will be determined soon.
Similarly, the remaining equations of (B.34) imply that the spin-2 currents, Vˆ
(2)
− (w),
(Tˆ (2) + Wˆ (2))(w) and Uˆ
(2)
+ (w) transform under the SU(2) current Bˆi(z) nontrivially and
the OPEs between these three spin-2 currents and the other SU(2) current Aˆi(z) do not
contain the singular terms (that is singlet under the first SU(2) realized by Aˆi(z)). One
can also analyze the raising and lowering operators of the second SU(2) acting on the three
representations of SU(2) as above. In summary, the above six spin-2 currents transform as
(3,1) ⊕ (1,3) under the SU(2) × SU(2). All the second-order poles appeared in previous
basis are disappeared in this new basis (B.34).
The nonlinear terms appearing in (B.34) are given by














Tˆ − 3(9k + 13)
20(k + 2)













The presence of Tˆ (1)Tˆ (1)(w) makes the fourth-order pole in the OPE between Tˆ (z) and
˜ˆ







Finally, the nontrivial OPEs between the six spin-1 currents and the four spin-52 cur-
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± (w) = ±
1











(w) + · · · . (B.36)







)(z) and Vˆ (
5
2
)(z), in (B.36) transform nontrivially
under the two SU(2) currents as in (B.33). There are sign changes in the OPEs between
Bˆ±(z) and these spin-
5
2 currents. All the second-order poles appeared in previous basis are
disappeared in this new basis (B.36).
Note that the OPEs between the six spin-1 currents and the spin-1 current Tˆ (1)(w) =
T (1)(w) do not have any singular terms and similarly the OPEs between those six spin-1
currents and the spin-3 current Wˆ (3)(w) do not contain any singular terms. This reflects the
fact that these two higher spin currents transform as (1,1) under the SU(2)×SU(2) respec-
tively. In other words, Aˆi(z) Tˆ
(1)(w) = Bˆi(z) Tˆ
(1)(w) = Aˆi(z) Wˆ
(3)(w) = Bˆi(z) Wˆ
(3)(w) =
+ · · · . The OPEs between the four spin-32 currents Gˆa(z) and the 16 higher spin currents
in this new basis will be given at the end of appendix C.
C The OPEs between the large N = 4 nonlinear algebra currents and
the higher spin currents-II
In this appendix, we present the OPEs between the four spin-32 currents in section 3 and
the 16 higher spin currents in section 4.
C.1 The OPEs between four spin 32 currents and the higher spin current of
spins (1, 32 ,
3
2 , 2)
From the explicit expressions (3.14)–(3.17) and (4.7), the following OPEs between the












−Gˆ22 + 2V ( 32 )
)





















 (w) + · · · . (C.2)
One can check the U(1) charge conservation in these OPEs from table 2.
For the spin-32 currents (4.10) and (4.14), one obtains the following OPEs between the
spin-32 currents and the spin-
3


































































































































(w) + · · · . (C.6)
The U(1) charge conservation in these OPEs can be checked from tables 2 and 3.
For the last component spin-2 current, one calculates the following OPEs between the










































































































































































(w)+· · · .
The U(1) charge conservation in these OPEs can be checked from tables 2, 3 and 4.
C.2 The OPEs between four spin 32 currents and two higher spin currents of
spins (32 , 2, 2,
5
2)
From (3.14)–(3.17), (4.21) and (4.35), the following OPEs between the spin-32 currents and



















































































































































+ · · · . (C.13)
The U(1) charge conservation in these OPEs can be checked from tables 2 and 3.
For the spin-2 currents (4.24) and (4.42), one calculates the nontrivial OPEs between
























Gˆ22 − V ( 32 )
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+ − 2iAˆ3 U (
3
2















































































































(w) + · · · . (C.17)
It is easy to check that the spin-52 fields in (C.15) and (C.17) after subtracting the descen-
dant fields (the derivative terms for the fields in the second-order pole with coefficient 13)
in the first-order pole are primary under the stress energy tensor (3.2). The U(1) charge
conservation in these OPEs can be checked from tables 2 and 4.


























Gˆ22 − V ( 32 )
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As above, the spin-52 fields in (C.21) after subtracting these descendant fields (the derivative
terms for the fields in the second-order pole with coefficient 13) in the first-order pole are
primary. The U(1) charge conservation in these OPEs can be checked from tables 2 and 4.
For the last current of spin-52 (4.32), one also has the OPEs between the spin-
3
2 currents

































































































































































































































































−4(18− 9k + 10k
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Aˆ3 Bˆ3 − 8(3 + 2k)
3(5 + k)2












































8(48 + 97k + 29k2)





















− 8(−27 + k)k












(2) − 2k(−39 + 5k)
3(3 + 7k)(5 + k)


































































(w) + · · · , (C.25)
where the W (3)(w) is given by (4.60) and the other spin-3 field which is primary can be
written in terms of known currents as follows:






























Bˆ+∂Bˆ− − Bˆ−V (2)−
− i
(5 + k)




Bˆ3∂Bˆ3 − i∂Tˆ + i∂W (2)
− ∂T (1)Aˆ3 + ∂T (1)Bˆ3 − T (1)∂Bˆ3 + i
2






The U(1) charge conservation in these OPEs can be checked from tables 2, 3 and 2.







































− + 2iAˆ3 V
( 3
2










+ · · · . (C.27)
As above, the spin-52 fields after subtracting the descendant fields (the derivative terms for
the fields in the second-order pole with coefficient 13) in the first-order pole are primary.
The U(1) charge conservation in these OPEs can be checked from tables 2 and 4.



































(w) + · · · .(C.28)
As above, the spin-52 fields after subtracting these descendant fields (the derivative terms
for the fields in the second-order pole with coefficient 13) in the first-order pole are primary.
The U(1) charge conservation in these OPEs can be checked from tables 2 and 4.
For the spin-52 current (4.46), one has the following nontrivial OPEs between the spin-
3
2
currents and the spin-52 current
Gˆ11(z)V


















−4(27 + 12k + 10k
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Aˆ1 Aˆ1 − 4(9 + 4k)
3(5 + k)2






− 4(9 + 7k)
3(5 + k)2
Bˆ1 Bˆ1 − 4(9 + 7k)
3(5 + k)2





































− 8(48 + 97k + 29k
2)






































Bˆ3∂Aˆ3 − 2(9− 18k + 5k
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3(3 + 7k)(5 + k)













iT (1)∂Aˆ3 − 2
(5 + k)
Gˆ11V






































(w) + · · · , (C.29)
Gˆ12(z)V






























































































(w) + · · · , (C.30)
Gˆ21(z)V




































− 4(3 + 4k)





















































(w) + · · · , (C.31)
Gˆ22(z)V



































(w) + · · · ,
where P3(w) is given by appendix (C.26). The spin-3 field for the first three OPEs after
subtracting the descendant fields (the derivative terms for the fields in the second-order
pole with coefficient 14) in the first-order pole are quasi-primary and those for the last OPE
is primary. The U(1) charge conservation in these OPEs can be checked from tables 2, 3
and 5.
C.3 The OPEs between four spin 32 currents and the higher spin current of
spins (2, 52 ,
5
2 , 3)
From the explicit expressions (3.14)–(3.17), and (4.49), the following four OPEs between













+ (11 + 3k)
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+ (5 + k)∂
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(w) + · · · . (C.34)
As above, the spin-52 fields after subtracting the descendant fields (the derivative terms for
the fields in the second-order pole with coefficient 13) in the first-order pole are primary.






For the spin-52 current (4.53), one has the following OPEs between the spin-
3
2 currents
























































































































−4(15 + 65k + 22k
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(19 + 23k)(5 + k)
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iAˆ3Aˆ−Aˆ3 − 4(−1 + k)
3(5 + k)2
iAˆ3Aˆ−Bˆ3









(w) + · · · , (C.38)
where P3(w) is given by appendix (C.26). The spin-3 field for the third OPE after sub-
tracting the descendant fields (the derivative terms for the fields in the second-order pole
with coefficient 14) in the first-order pole is primary and those for the remaining OPEs are
quasi-primary. The U(1) charge conservation in these OPEs can be checked from tables 2, 3
and 5.
For the other spin-52 current (4.56), the following OPEs between the spin-
3
2 currents
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T (1) Aˆ3 +
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i∂T (1)Bˆ+ − 2
(5 + k)






























(w) + · · · . (C.42)
The spin-3 field for the second OPE after subtracting the descendant fields (the derivative
terms for the fields in the second-order pole with coefficient 14) in the first-order pole is
primary and those for the remaining OPEs are quasi-primary. The U(1) charge conservation






Finally, from the explicit for the spin-3 current (4.60), the following complicated OPEs






−2(−3 + k)(571 + 357k + 110k
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3(5 + k)2(19 + 23k)
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− 2(−3 + k)(1489 + 1225k + 220k
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(w) + · · · . (C.46)
The U(1) charge conservation in these OPEs can be checked from tables 2, 4, 6 and 7.
C.4 The OPEs between four spin 32 currents and the higher spin currents in
different basis
Let us present the OPEs in different basis as we did in appendix (B.4). The OPEs between
the spin-32 currents Gˆa(z) and the spin-1 current Tˆ
(1)(w) = T (1)(w) given by (C.1) and (C.2)

































 (w) + · · · . (C.47)
There are no Gˆa(w) dependences in the right hand side of (C.47). The spin-1 current
Tˆ (1)(z) acting on the four spin-32 currents of large N = 4 nonlinear algebra leads to the






The OPEs between the spin-32 currents Gˆa(z) and the four spin-
3
2 currents in the right





















− − i3 Tˆ (1)Bˆ+
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{Gˆ22 Uˆ ( 32 )}−1
{Gˆ11 Vˆ ( 32 )}−1
)
(w)
+ · · · . (C.48)
All the third-order poles appeared in previous basis are disappeared in this new basis (C.48).
From appendix (C.48), one sees the six higher spin-2 currents appear in the right hand
side. Note that the fields Tˆ (1)Aˆ±(w) and Tˆ
(1)Bˆ±(w) are primary fields under the stress
energy tensor Tˆ (z) because Tˆ (1)(z) commutes with both Aˆ±(w) and Bˆ±(w) and these five
spin-1 currents are primary. The spin-1 current Tˆ (1)(w) appears in the second-order poles
of second and sixth OPEs in appendix (C.48).
The first-order poles in appendix (C.48) are given by








 (w) = ∓1
2
(Tˆ (2) + Wˆ (2))(w)∓ 1
2












{Gˆ22 Uˆ ( 32 )}−1




(Tˆ (2) + Wˆ (2))(w)± 1
2








∂Tˆ (1)(w)± ˜ˆT (w). (C.49)
In (C.49), each five term is primary field except the descendant field 12∂Tˆ
(1)(w) which
should be present due to the second-order pole term, Tˆ (1)(w), and moreover
˜ˆ
T (w) was






Now one calculates the OPEs between the spin-32 currents Gˆa(z) and the above six
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{Gˆ22 (Tˆ (2) + Wˆ (2))}−1
{Gˆ22 Uˆ (2)+ }−1

 (w) + · · · .
(C.50)
The k-dependent structure constants appearing in the second-order pole (in the right hand
side) of appendix (C.50) for the (3,1) are common up to the signs and those for the
(1,3) have same value up to the signs. The nonlinear quadratic terms (Aˆ+Uˆ
( 3
2
)(w), · · · )
appearing in the first-order poles in appendix (C.50) are primary fields because the OPEs
between the corresponding spin-1 currents and the corresponding spin-32 currents do not
have any singular terms. For example, Aˆ+(z) Uˆ
( 3
2
)(w) = + · · · .
The nonlinear spin-52 fields appearing in (C.50) are given by as follows:
(
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(w) = −Wˆ ( 52 )∓ (w)±
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In each OPE of appendix (C.51), the first line contains spin-52 current and the derivative
(descendant) term from the spin-32 current in the second-order pole. The next lines in the
OPE consist of a primary field which is a quadratic expression between the higher spin
currents and the currents from large N = 4 nonlinear algebra. The other primary field
which is also a quadratic in Aˆi(w), Bˆi(w) and Gˆa(w) (as well as a derivative term and a
product between the higher spin currents) appears in other OPEs.




+ (w) and other
12 (hatted) composite fields corresponding to the first-order pole {Gˆ21 (Tˆ (2)−Wˆ (2))}−1(w)
in appendix (C.51). Among those composite fields, six of them participate in one spin-
5
2 primary field where the OPE between the spin-1 and the spin-
3
2 currents contains the









+ (w)) and the remaining ones do in other spin-
5
2 primary field contain-









+ (w) provides the first-order pole term −12Gˆ21(w) and therefore the ordering be-
tween two currents can give the derivative term ∂Gˆ21(w). One can see the similar features
in the first-order poles of {Gˆ11 Vˆ (2)+ }−1(w), {Gˆ22 Uˆ (2)+ }−1(w) or {Gˆ21 (Tˆ (2) + Wˆ (2))}−1(w).











)(w). Similar analysis corresponding to the remaining 12 OPEs of appendix (C.51) can
be done without any difficulty.
The OPEs between the spin-32 currents Gˆa(z) and the above four spin-
5
2 currents in















(w) = ± 1
(z − w)2
[
64k(k + 1)(k + 8)



























(w) = ∓ 1
(z − w)2
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96(k − 1)(k + 1)(2k + 5)































(k + 5)(38k2 + 41k − 25)
×
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∓Wˆ (3) + spin-3 composite fields
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+48(k − 1)(2k + 5)(Tˆ (2) + Wˆ (2))







∓Wˆ (3) + spin-3 composite fields
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64k(k + 1)(k + 8)












(z − w) [spin-3 composite fields] (w) + · · · , (C.52)
where the primary field
˜ˆ
T (w) is given by appendix (B.35) and we do not present the
complete expressions for the spin-3 composite fields consisting of 11 currents and 16 higher
spin currents appearing in the first-order poles [48]. All the third-order poles appeared in
previous basis are disappeared in this new basis (C.52).
Finally, the OPEs between the spin-32 currents Gˆa(z) and the above four spin-3 currents





(z) Wˆ (3)(w) = ∓ 1
(z − w)2
[
(327k + 859)(38k2 + 41k − 25)






















(z) Wˆ (3)(w) = ± 1
(z − w)2
[
(327k + 859)(38k2 + 41k − 25)













(w) + · · · . (C.53)
Note that the structure constants appearing in the second-order poles have same values in
appendix (C.53) and we do not present the complete expressions for the spin-72 composite
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